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Introduction

The higher infinite refers to the lofty reaches of the infinite cardinalities of set the-
ory as charted out by large cardinal hypotheses. These hypotheses posit cardinals
that prescribe their own transcendence over smaller cardinals and provide a super-
structure for the analysis of strong propositions. As such they are the rightful heirs
to the two main legacies of Georg Cantor, founder of set theory: the extension
of number into the infinite and the investigation of definable sets of reals. The
investigation of large cardinal hypotheses is indeed a mainstream of modern set
theory, and they have been found to play a crucial role in the study of definable
sets of reals, in particular their Lebesgue measurability. Although formulated at
various stages in the development of set theory and with different incentives, the
hypotheses were found to form a /inear hierarchy reaching up to an inconsistent
extension of motivating concepts. All known set-theoretic propositions have been
gauged in this hierarchy in terms of consistency strength, and the emerging struc-
ture of implications provides a remarkably rich, detailed and coherent picture of
the strongest propositions of mathematics as embedded in set theory.

The first of a projected multi-volume series, this text provides a compre-
hensive account of the theory of large cardinals from its beginnings through the
developments of the early 1970’s and several of the direct outgrowths leading to
the frontiers of current research. A further volume will round out the picture of
those frontiers with a wide range of forcing consistency results and aspects of
inner model theory. A genetic account through historical progression is adopted,
both because it provides the most coherent exposition of the mathematics and
because it holds the key to any epistemological concerns. With hindsight how-
ever the exposition is inevitably Whiggish, in that the consequential avenues are
pursued and the most elegant or accessible expositions given. Each section is a
modular unit, and later sections often describe how concepts discussed in earlier
sections inspired the next advance. With speculations and open questions pro-
vided throughout, the reader should not only come to appreciate the scope and
significance of the overall enterprise but also become prepared to pursue research
in several specific areas.

In what follows a historical and conceptual overview is given, one that serves
to embed the sections of the text into a larger framework. In an appendix larger and
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more discursive issues that may be raised by the investigation of large cardinals
are taken up. See Hallett [84], Lavine [94], Moore [82], and Fraenkel-Bar-Hillel-
Levy [73] for more on the development of set theory; several themes that are only
broached here are substantiated in at least one of these sources.

The Beginnings of Set Theory

Set theory had its beginnings in the great 19th Century transformation of math-
ematics that featured the arithmetization of analysis and a new engagement with
abstraction and generalization. Very much new mathematics growing out of old,
the subject did not spring Athena-like from the head of Cantor but in a gradual
process out of problems in mathematical analysis. In the wake of the founding of
the calculus by Isaac Newton and Gottfried Leibniz the function concept had been
steadily extended from analytic expressions toward arbitrary correspondences, in
the course of which the emphasis had shifted away from the continuum taken as a
whole to its construal as a collection of points, the real numbers. The first major
expansion had been inspired by the explorations of Leonhard Euler and featured
the infusion of infinite series methods and the analysis of physical phenomena,
particularly the vibrating string.

Working out of this tradition the young Cantor in the early 1870’s established
uniqueness theorems for trigonometric series in terms of their points of conver-
gence, theorems based on collections of reals defined through a limit operation
iterable into the infinite. In a crucial conceptual move Cantor began to investigate
such collections and infinitary enumerations for their own sake, and this led first
to basic concepts in the study of sets of reals and then to the formulation of the
transfinite numbers. Set theory was born on that December 1873 day when Cantor
established that the reals are uncountable, i.e. there is no one-to-one correspon-
dence between the reals and the natural numbers, and in the next decades was to
blossom through the prodigious progress made by him in the theory of ordinal
and cardinal numbers. But a synthesis of the reals as representing the continuum
and the new numbers as representing well-orderings eluded him: Cantor could not
establish the Continuum Hypothesis, that the cardinality 2% of the set of reals is
the least uncountable cardinality 8, part of his problem being that he could not
define a well-ordering of the reals.

Cantor came to view the finite and the transfinite as all of a piece, simi-
larly comprehendable within mathematics, and delimited by what he termed the
“Absolute” which he associated mathematically with the class of all ordinals and
metaphysically with God. As part of this realist picture Cantor viewed sets, at least
until the early 1890’s, as inherently structured with a well-ordering of their mem-
bers. Ordinal and cardinal numbers resulted from successive abstraction, from a
set x to its ordertype X and then to its cardinality X.

But such a structured view served to accentuate a growing stress among
mathematicians, who were already exercised by two related issues: whether in-
finite collections can be investigated within mathematics at all and how far the
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function concept is to be extended. The positive use of an arbitrary function having
been made explicit, there was open controversy after Ernst Zermelo [04] formu-
lated what he soon called the Axiom of Choice and established his Well-Ordering
Theorem, that the axiom implies every set can be well-ordered.

With axiomatization assuming a general methodological role in mathematics
Zermelo [08a] soon published the first axiomatization of set theory. But as with
Cantor’s work the move was in response to mathematical pressure for a new
context: Beyond the stated purpose of securing set theory from paradox Zermelo’s
main motive was apparently to buttress his Well-Ordering Theorem by making
explicit its underlying set existence assumptions. In the process, he shifted the
focus away from the transfinite numbers to an abstract view of sets structured
solely by € and simple operations. Extracted from a specific proof (for the Well-
Ordering Theorem in his [08]) Zermelo’s axioms had the advantages of simplicity
and open-endedness. The generative set formation axioms, especially Power Set,
were to lead to Zermelo’s later adumbration [30] of the cumulative hierarchy view
of sets, and the vagueness of the definit property in the Separation Axiom was to
invite Thoralf Skolem’s [23] proposal to base it on first-order logic.

Skolem’s move was in the wake of a mounting initiative, one that was to
expand set theory with new viewpoints and techniques as well as to invest it
with a larger foundational significance. Gottlob Frege is regarded as the greatest
philosopher of logic since Aristotle for developing his 1879 Begriffsschrift (quan-
tificational logic), establishing a logical foundation for arithmetic, and generally
stimulating the analytic tradition in philosophy. The architect of that tradition
is Bertrand Russell who in his early years, influenced by Frege and Giuseppe
Peano, wanted to found all of mathematics on the certainty of logic. The vaulting
expression of that ambition was the 1910-3 three volume Principia Mathematica
by Alfred Whitehead and Russell. But Russell was exercised by his well-known
paradox, one which led to the tottering of Frege’s mature formal system. As a
result Principia was encased in a complex logical system of different types and
intensional predications ultimately breaking under his Axiom of Reducibility, a
fearful symmetry imposed by an artful dodger.

It remained for David Hilbert to shift the ground and establish mathematical
logic as a field of mathematics. Russell’s philosophical disposition precluded his
axiomatizing logic, but Hilbert brought it under scrutiny as he did Euclidean geom-
etry by establishing an axiomatic context and raising the crucial questions of con-
sistency and later, completeness. This largely syntactic approach was soon given
a superstructure when in response to intuitionistic criticism by Luitzen Brouwer
and Hermann Weyl, Hilbert developed proof theory and proposed his program of
establishing the consistency of classical mathematics with his metamathematics.
These issues gained currency because of Hilbert’s preeminence, just as mathe-
matics in the large was expanded by his reliance on non-constructive proofs and
transcendental methods. Through this expansion the Axiom of Choice became a
mathematical necessity, particularly because of maximality arguments in algebra,
and arbitrary functions became implicitly accepted in the growing investigation of
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higher function spaces. With the increasing emphasis on frameworks and struc-
tures, the power set operation became incorporated into mathematics.

Throughout, Zermelian set theory grew as the mathematical repository of
foundational concerns and initiatives. As the first result of his axiomatic set
theory Zermelo [08a] himself put the Russell paradox argument to use to show
that for any set x there is a set y € x such that y ¢ x (so that there is no universal
set). Friedrich Hartogs [15] in effect converted the Burali-Forti paradox into the
existence for any set x of a well-orderable set y not injectible into x. Analyzing
the Zermelo [08] proof Kazimierz Kuratowski [21] provided that definition of
the ordered pair, antithetical to Russell’s type-ridden theory, which became the
standard way to reduce the theory of relations to sets. And then Skolem [23]
made his proposal of rendering Zermelo’s Separation Axiom in terms of properties
expressible in first-order logic.

More than that, Skolem intended for set theory to be based on first-order
logic with € construed syntactically and without a privileged interpretation. This
becomes clear in his application of the Lowenheim-Skolem theorem to get the
Skolem paradox: the existence of countable models of set theory although it entails
the existence of uncountable sets. Ironically, Skolem intended by this means to
deflate the possibility of set theory becoming a foundation for mathematics, but
following Kurt Godel’s work Skolem’s syntactical approach to set theory came
to be accepted. And again the ways of paradox were absorbed into set theory,
as the Lowenheim-Skolem theorem came to play an important internal role when
semantic methods were ushered in by Alfred Tarski.

Skolem [23] also and Abraham Fraenkel [21, 22] independently proposed the
addition of the Replacement Axiom to Zermelo’s list, and this axiom soon figured
in a counter-reformation of sorts. John von Neumann [23] introduced the ordinals
(transitive sets well-ordered by €) and showed that every well-ordering is iso-
morphic to an ordinal, thereby restoring Cantor’s transfinite numbers as sets. No
longer were the numbers abstractions, but in the new formulation became incor-
porated into the Zermelian framework of sets built up by € and simple operations.
Von Neumann’s particular approach to axiomatization fostered the liberal use of
proper classes in set theory and brought Replacement into prominence through its
role in definitions by transfinite recursion.

With these developments before him Zermelo [30] presented his final ax-
iomatization of set theory, incorporating Replacement and also Foundation. This
axiomatization was in second-order terms, allowed urelements, and eschewed the
Axiom of Infinity, but shorn of these features it became the standard Zermelo-
Fraenkel (ZFC) one when recast in the soon to emerge terms of first-order logic.
The Foundation Axiom had been prefigured as a restricting possibility by Dmitry
Mirimanov [17], Skolem [23], and von Neumann [25]. Zermelo offered a syn-
thetic view of a succession of natural models for set theory, each a member of
a next, essentially realizing that Foundation ranks the sets in these models into a
cumulative hierarchy. In current terms the axiom stratifies the formal universe V
of sets as |J, Va, where V is @, V41 is the power set of V,, and V; for limit
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ordinals § is the union of the V,’s for & < §. In a notable inversion this iterative
conception came to be accepted after Gdodel’s later advocacy as a heuristic for
motivating the axioms of set theory generally, its open-endedness moreover pro-
moting a principle of tolerance for motivating new hypotheses mediating toward
Cantor’s Absolute. Foundation is the one axiom unnecessary for the recasting
of mathematics in set-theoretic terms, but it came to be the salient feature that
distinguishes structural investigations specific to set theory. Indeed, it can be
fairly said that modern set theory is the study of well-foundedness, the Cantorian
well-ordering doctrines adapted to the Zermelian combinatorial conception of sets.

In the 1930’s Godel’s incisive analyses brought about a transformation of
mathematical logic based on new initiatives for mathematical elucidation. The
main source was of course his Incompleteness Theorem [31], which led to the
undecidability of validity for first-order logic and the development of recursion
theory. But starting an undercurrent, the earlier Completeness Theorem [30] clar-
ified the distinction between the semantics and syntax of first-order logic and
secured its key instrumental property, compactness. Then Tarski [33,35] set out
his schematic definition of truth in set-theoretic terms, exercising philosophers to a
surprising extent ever since. The groundwork had been laid for the development of
model theory, and set theory was to be considerably enriched since the 1950’s by
model-theoretic techniques. First-order logic came to be accepted as the canonical
language because of its mathematical possibilities, Skolem’s earlier suggestion for
set theory taken up generally, and higher-order logics became downgraded as the
workings of the power set operation in disguise.

So enriched and fortified by axioms, results, and techniques axiomatic set the-
ory was launched on its independent course by Gddel’s construction of L [38,39]
leading to the relative consistency of the Axiom of Choice and the Continuum
Hypothesis. Synthesizing what came before, Godel built on the von Neumann
ordinals as sustained by Replacement to formulate a relative Zermelian universe
of sets based on logical definability, a universe imbued with a Cantorian sense of
order.

Large Cardinals

If the foregoing in brief (and with interpretative twists) is the high tradition of set
theory from Cantor to Godel, large cardinals are the trustees of older traditions in
direct line from Cantor’s original investigations of definable sets of reals and of
the transfinite numbers. Before taking up the more continuous tradition having to
do directly with the transfinite the other tradition is described, one that was to be
revitalized in the 1960°s by major new initiatives.

Descriptive set theory is the definability theory of the continuum, the study of
the structural properties of definable sets of reals. In his most substantive approach
to the Continuum Hypothesis Cantor had structured the problem via perfect sets
and established that the closed sets have the perfect set property (11.3). Related
were his contributions to measure theory, a theory that led to the Borel sets and
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of course to Lebesgue measure. The major incentives of descriptive set theory
have been to approach sets of reals through definability as Cantor had done, and to
investigate the extent of the regularity properties, of which Lebesgue measurability
and Cantor’s perfect set property are two. In a seminal paper Henri Lebesgue [05]
provided the first hierarchy for the Borel sets and applied Cantor’s diagonalization
argument to show that the hierarchy is both proper and does not exhaust the
definable sets of reals. The subject really began with Mikhail Suslin’s discovery
[17] of the analytic sets and fundamental results about this first level of the later
projective hierarchy. The subsequent development by Nikolai Luzin, Wactaw
Sierpinski, and their collaborators featured tree representations of sets of reals,
and it was through this opening that well-founded relations entered mathematical
practice, the later tradition leading to Foundation and the iterative conception being
quite separate and motivated by heuristics. The transfinite numbers, at least the
countable ones, gained a further legitimacy through their necessary involvement in
this work, contributing to the mathematical pressure for their general acceptance.
Pressing upward in the projective hierarchy, by the early 1930’s the descriptive
set theorists had reached an impasse, one that was to be later explained by Godel’s
delimitative results with L. (These matters are taken up in §§12,13.)

The other, more primal Cantorian initiative, the mathematical investigation of
the transfinite, was vigorously advanced into the higher infinite by Felix Hausdorff
[08]. Dismissive of foundational issues, he pursued the structure of transfinite
ordertypes for its own sake and was first to consider a large cardinal, a weakly
inaccessible cardinal, as a natural limit point. Paul Mahlo [11, 12, 13] then studied
stronger limit points, the Mahlo cardinals. Closure under the power set operation,
intrinsic to the Zermelian set concept, was later incorporated in the concept of
a (strongly) inaccessible cardinal by Sierpinski-Tarski [30] and Zermelo [30]. In
the early semantic investigations before the general acceptance of first-order logic
these cardinals provided the natural models for set theory, i.e. the corresponding
initial segments of the cumulative hierarchy. (These topics are developed in §1.)

Measurability, the most prominent of all large cardinal hypotheses, embodied
the first confluence of the Cantorian initiatives. Isolated by Stanistaw Ulam [30]
from measure-theoretic considerations related to Lebesgue measure, the concept
also entailed inaccessibility in the transfinite. Moreover, the initial airing generated
an open problem that was to keep the spark of large cardinals alight for the next
three decades: Can the least inaccessible cardinal be measurable? (Measurability
is discussed in §2.)

The further development of the higher infinite was to depend on model-
theoretic techniques brought into set theory in the course of its larger develop-
ment. Godel’s L was the first example of an inner model, a class (definable by a
formula of first-order logic) including all the ordinals, which with € restricted to
it is a model of the axioms. Godel with L had in fact established the minimum
possibility for the set-theoretic universe, and large cardinals were to provide the
counterweight first in reaction and then for generalization. Godel’s realist specula-
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tions, especially about Cantor’s Continuum Problem, contained the seeds of later
heuristic arguments for large cardinal hypotheses:

The set-theoretic universe V viewed as the cumulative hierarchy [ J, V, is
open-ended and under-determined by the set-theoretic axioms, and invites fur-
ther postulations based on reflection and generalization. In 1946 remarks Godel
[90: 151] suggested reflection in terms of a set-theoretic proposition being prov-
able in “the next higher system above set theory”, which proof being replaceable
by one from “an axiom of infinity”. This ties in with V cast as Cantor’s Abso-
lute being mathematically incomprehendable, so that any property ascribable to it
must already hold in some sufficiently large V,,, some properties leading directly
to large cardinal hypotheses. In a 1966 footnote Godel [90: 2601f] acknowledged
“strong axioms of infinity of an entirely new kind”, generalizations of properties
of Ry “supported by strong arguments from analogy”. This ties in with Cantor’s
unitary view of the finite and transfinite, with properties like inaccessibility and
measurability technically satisfied by R, being too accidental were they not also
ascribable to higher cardinals. Both reflection and generalization are latent in the
eternal return of successive domains as envisioned by Zermelo [30]. Whatever
the heuristics, the theory of large cardinals like other mathematical investigations
was to be driven by open problems and growing structural elucidations. (These
matters are taken up in §3. Other heuristic arguments are described in Maddy
[88, 88a].)

The generalization of first-order logic allowing infinitary logical operations
was to lead to the solution of that problem of whether the least inaccessible cardinal
can be measurable. Tarski [62] defined the strongly compact and weakly compact
cardinals by ascribing natural generalizations of the key compactness property of
first-order logic to the corresponding infinitary languages. A strongly compact
cardinal is measurable, and a measurable cardinal is weakly compact. Tarski’s
student William Hanf [64] then established (4.7) that there are many inaccessible
cardinals (and Mahlo cardinals) below a weakly compact cardinal. In particular,
the least inaccessible cardinal is not measurable. Hanf’s work radically altered
size intuitions about properties coming to be understood in terms of large cardinals.
(These topics are developed in §4.)

In the early 1960’s set theory was veritably transformed by structural initia-
tives based on new possibilities for constructing well-founded models and estab-
lishing relative consistency results. This was due largely to the creation of forcing
by Paul Cohen [63,64], who happened upon a remarkably fertile technique for
producing extensions of models of set theory. In a different vein, a seminal result
of Dana Scott [61] stimulated the investigation of elementary embeddings of inner
models. The ultraproduct construction of model theory was just gaining currency
when Scott took an ultrapower of V itself to establish (5.5) that if there is a mea-
surable cardinal, then V # L. Large cardinal hypotheses thus assumed a new
significance as a means for maximizing possibilities away from Godel’s delimi-
tative construction. And Cantor’s Absolute notwithstanding, Scott’s construction
began the liberal use of manipulative inner model constructions in set theory. It
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was in this richer setting that measurable cardinals came to play a central structural
role, being necessary for securing well-founded ultrapowers (see 5.6 and before):
There is an elementary embedding j: V. — M for some inner model M iff there is
a measurable cardinal. (These matters are taken up in §5.)

With reflection arguments emerging in the model-theoretic approaches taken
in set theory, Azriel Levy [60a] established their broader significance and the
close involvement of Mahlo cardinals. Then Hanf-Scott [61] formulated the inde-
scribable cardinals, directly positing reflection properties in terms of higher-order
languages, and showed that these cardinals provide a schematic approach to com-
paring large cardinals by size. Levy [71] then provided a systematic analysis,
features of which were to occur in later contexts. (Indescribability is described
in §6.)

Scott’s result that if there is a measurable cardinal then V # L naturally led
to refinements both weakening the hypothesis and strengthening the conclusion.
Notably, the first moves were made in the context of the infinitary combinatorics
then being developed by Paul Erdds and his collaborators, the study of partition
properties, which are transfinite generalizations of a result of Frank Ramsey [30].
Frederick Rowbottom [64, 71] then established a partition property for measurable
cardinals (7.17), and using model-theoretic methods showed that such properties
already imply that there are only countably many reals in L (8.3). This blending
of model theory and infinitary combinatorics led to a spectrum of large cardinals
positing strong versions of the Lowénheim-Skolem theorem, the Rowbottom and
Jonsson cardinals in particular generating intriguing questions. Weaving in the
crucial model-theoretic concept of a set of indiscernibles Jack Silver [66,71] then
analyzed what came to be regarded as the essence of transcendence over L, encap-
sulated by him and Robert Solovay [67] as a set 0¥ of integers coding a collection
of sentences uniquely specified by indiscernibility conditions. Beyond a web of
implications encircling the merely negative conclusion V # L, the existence of
0" is a strikingly informative assertion about just how starkly L is generated in a
transcendent V. Subsequent results have buttressed the existence of 0" as a piv-
otal hypothesis, and its isolation is the first real triumph for large cardinals in the
elucidation of set-theoretic structure. (These matters are taken up in Chapter 2.)

Returning to the early 1960’s, if Godel’s construction of L had launched
axiomatic set theory as a distinctive field of mathematics, then Cohen’s technique
of forcing began its transformation into a modern, sophisticated one. Starting with
his work on the Continuum Hypothesis many problems that had been left unre-
solved were shown to be independent, as set theorists were presented a remarkably
general and flexible scheme with intuitive underpinnings for constructing models
of set theory. The thrust of research gradually deflated the Cantor-Godel real-
ist view with an onrush of new models, and shedding some of its foundational
burden set theory became an intriguing mathematical subject where formalized
versions of truth and consistency became matters for combinatorial manipulation
as in algebra. From Skolem relativism to Cohen relativism the role of set theory
for mathematics became even more evidently one of an open-ended framework
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rather than an elucidating foundation. From this point of view, that the ZFC ax-
ioms do not determine the cardinality 2% of the set of reals seems an entirely
satisfactory state of affairs. With the richness of possibility for arbitrary reals
and mappings, no axioms that do not directly impose structure from above should
constrain a set as open-ended as the collection of reals or its various possibilities
for well-ordering.

Inaccessible cardinals figured from the beginning in this sea-change, first
in the concept of the Levy collapse and then in its use in Solovay’s inspiring
result [65b, 70] that if there is an inaccessible cardinal, then in a submodel of a
forcing extension every set of reals is Lebesgue measurable and has the perfect set
property. (The Axiom of Choice necessarily fails in this submodel.) As Cohen’s
independence of the Continuum Hypothesis did for the transfinite, this result on the
regularity of sets of reals not only resolved old axiomatic issues but reinvigorated
the Cantorian initiatives by suggesting new mathematical possibilities. Solovay
[69] soon applied the ideas of his proof to show that measurable cardinals directly
imply the regularity properties at the level of Godel’s delimitative results with L,
revitalizing the classical program of descriptive set theory. Then Donald Martin
and Solovay (cf. their [69]) applied large cardinal hypotheses at the level of 0
to push forward the old tree representation ideas, with the hypotheses cast in the
new role of securing well-foundedness in this context. (These matters are taken
up in Chapter 3.)

The perfect set property led to the first instance of a new phenomenon in
set theory: the derivation of equiconsistency results based on the complementary
methods of forcing and inner models. A large cardinal hypothesis is typically
transformed into a proposition about sets of reals by forcing that “collapses” the
cardinal to 8| or “enlarges” the power of the continuum to the cardinal. Con-
versely, the proposition entails the same large cardinal hypothesis in the clarity of
an inner model. Solovay’s result provided the forcing direction from an inacces-
sible cardinal to the proposition that every set of reals has the perfect set property.
But Ernst Specker [57] had in effect established that if every set of reals has the
perfect set property (and 8 is regular), then R, is inaccessible in L (11.6). Thus,
Solovay’s use of an inaccessible cardinal was necessary, and its collapse to R
complemented Specker’s observation. Years later, Saharon Shelah [84] was able
to establish the necessity of Solovay’s inaccessible also for the proposition that
every set of reals is Lebesgue measurable.

The emergence of such equiconsistency results is a subtle transformation of
earlier hopes of Godel: Propositions can indeed be resolved if there are enough
ordinals, how many being specified by positing a large cardinal. But the resolution
is in terms of the Hilbertian concept of consistency, the methods of forcing and
inner models being the operative modes of argument. In a new synthesis of the two
Cantorian initiatives, hypotheses of length concerning the extent of the transfinite
are correlated with hypotheses of width concerning sets of reals. There is a telling
antecedent in the result of Gerhard Gentzen [36,43] that the consistency strength
of arithmetic can be exactly gauged by an ordinal &, i.e. transfinite induction up
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to that ordinal in a formal system of notations. Although Hilbert’s program of
establishing consistency by finitary means cannot be realized, Gentzen provided
an exact analysis in terms of ordinal length. Proof theory blossomed in the 1960’s
with the analysis of other theories in terms of such lengths, the proof theoretic
ordinals.

In the late 1960’s a wide-ranging investigation of measurability was carried
out with forcing and inner models. These developments not only provided an illu-
minating structural analysis, but suggested new questions and provided paradigms
for the subsequent investigation of stronger hypotheses. Solovay [66, 71] brought
the concept of saturated ideal to the forefront, establishing an equiconsistency
result about real-valued measurability. Subsequent work showed that saturated
ideals are a flexible generalization of measurability that can occur low in the cu-
mulative hierarchy. Exploiting the technique of iterated ultrapowers developed by
Haim Gaifman [64], Kenneth Kunen [70] established the main structure theorems
for inner models of measurability. Not only do these models have the minimal
structure of Gddel’s L, but they turn out to be exactly the ultrapowers of each
other, and such coherence amounts to strong evidence for the consistency of the
concept of measurability. Kunen also established a characterization of the exis-
tence of 0% in terms of the non-rigidity of L: 0% exists iff there is an elementary
embedding j: L — L. Solovay isolated a set 0f that plays an analogous role
for inner models of measurability that 0 does for L, and its existence has a
similar characterization in terms of non-rigidity. (These topics are developed in
Chapter 4.)

Even as measurability was being methodically investigated, Solovay and
William Reinhardt were charting out stronger hypotheses. Taking the concept
of elementary embedding as basic they independently formulated the concept of
supercompact cardinal as a generalization of both measurability and strong com-
pactness, and Reinhardt formulated the stronger concept of extendible cardinal
with motivating ideas based directly on reflection. Reinhardt briefly considered
an ultimate reflection property along these lines, but in a dramatic turn of events
Kunen [71b] established that this prima facie extension is inconsistent: There is
no elementary embedding j: V — V. Kunen’s argument turned on what seemed
to be a combinatorial contingency, but his particular formulation has stood as the
upper bound for large cardinal hypotheses. The initial guiding ideas shaped and
delimited by a mathematical result, hypotheses just on the verge of this incon-
sistency were subsequently analyzed, as well as the weaker n-huge cardinals and
Vopénka’s Principle, to chart the terrain down to the extendible cardinals. The
supercompact cardinals in particular became prominent as a source of new com-
binatorics and relative consistency results. Also, when refinements of elementary
embedding in the form of extenders were formulated, weakenings of supercom-
pactness in the form of strong, Woodin, and superstrong cardinals came to play
crucial roles in later developments. (These topics are developed in Chapter 5.)

With this charting out of the higher infinite, the extensive research through
the 1970’s and 1980°s considerably strengthened the view that the emerging hi-
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erarchy of large cardinals provides the measuring rod of exhaustive principles
against which all possible consistency strengths can be gauged. First, the various
hypotheses though arising from diverse motivations and historical happenstance
nonetheless form a linear hierarchy, one neatly delimited by Kunen’s inconsistency
result. Typically for two large cardinal hypotheses, below a cardinal satisfying one
there are many cardinals satisfying the other, in a sense prescribed by the first.
Moreover, the weaker hypotheses through strong forms of measurability have been
bolstered by a variety of equiconsistency results involving combinatorial proposi-
tions low in the cumulative hierarchy. In this respect, particularly intriguing is the
work on the Singular Cardinals Problem, which showed that something as basic
as rendering 2“ large for singular strong limit cardinals « essentially requires large
cardinals. Finally, a variety of strong propositions have been informatively brack-
eted in consistency strength between two large cardinal hypotheses: The stronger
hypothesis implies that there is a forcing extension in which the proposition ob-
tains; and if the proposition obtains, there is an inner model satisfying the weaker
hypothesis. Supercompactness has often figured as the upper bound, but some-
times n-hugeness and even the hypotheses just short of Kunen’s inconsistency
have played this role. (This wide-ranging exploration is the subject of volume II.)

If set theory serves as an open-ended framework for mathematics, as an
autonomous field of mathematics it has become a remarkably successful investi-
gation of well-foundedness, in large measure because large cardinals have been
found to provide an elegant and fully sufficient superstructure for the study of
consistency strength.

Determinacy

One of the great successes for large cardinals has to do with perhaps the most
distinctive and intriguing development in modern set theory. Although the deter-
minacy of games has roots as far back as Zermelo [13], the concept for infinite
games only began to be seriously explored in the 1960’s when it was realized
that it led to the regularity properties for sets of reals. Jan Mycielski and Hugo
Steinhaus in their [62] proposed the Axiom of Determinacy, at least for some inner
model since it contradicts the Axiom of Choice. Then in 1967 Solovay made
an initial connection with large cardinals and David Blackwell [67] with methods
of descriptive set theory. Investigating further consequences of determinacy, fine
mathematicians like Solovay, Martin, Yiannis Moschovakis, Kunen, and Alexan-
der Kechris soon established an elaborate web of connections in the unabashed
pursuit of structure for its own sake. Determinacy hypotheses seemed to settle
many questions and provide new modes of argument, leading to an opaque real-
ization of the old Cantorian initiatives concerning sets of reals and the transfinite
with determinacy replacing well-ordering as the animating principle. By the late
1970’s a more or less complete theory for the projective sets was in place, and
with this completion of a main project of descriptive set theory attention began to
shift to questions of overall consistency.
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Martin [70] had early on shown that the existence of a measurable cardinal
implies the determinacy of games for analytic sets, and through the 1970’s he
established results equating many measurable cardinals with levels of a difference
hierarchy for analytic sets and then showed that a large cardinal hypothesis near
Kunen’s inconsistency implied determinacy at the next projective level. Then in
the mid-1980°s Matthew Foreman, Menachem Magidor, and Shelah made a major
breakthrough about strong large cardinal hypotheses, and although not directly
involving determinacy Martin, John Steel, and Hugh Woodin were able to build
on this to establish the consistency of the Axiom of Determinacy relative to large
cardinals. Woodin in fact established that the Axiom of Determinacy is equiconsis-
tent with the existence of infinitely many Woodin cardinals, pinpointing the axiom
in consistency strength above measurable cardinals but far below supercompact
cardinals. This unifying result was a resounding triumph for the modern methods
of set theory and an unexpected affirmation of the relevance of large cardinals.
Woodin’s subsequent results about other determinacy hypotheses and infinite com-
binatorics speak to the great progress that has been made and the promise of deeper
insights to come. (These matters are taken up in Chapter 6.)
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0. Preliminaries

This section sets out the necessary mathematical preliminaries for the text. Gen-
erally speaking, familiarity is assumed with the development of set theory through
the basics about the constructible hierarchy L and the method of forcing, and with
the basic concepts and constructions of model theory. Nevertheless, in taking a
historical approach well-known concepts are often formulated anew, their basic
facts reviewed, and references provided as part of the development. In particu-
lar, a discussion of the forcing formalism is deferred until results achieved by that
method are dealt with squarely. In what follows, some basic terminology and con-
cepts are affirmed whose contextual review would break the pace of exposition,
and some standing conventions established.

Set-Theoretic Notation

For the set theory, the texts Jech [03], Kunen [80], Drake [74] and Levy [79] each
provide the basic development of the subject and more. The first three contain the
necessary preliminaries about L, the first two such preliminaries about forcing,
and the first a good deal of information about large cardinals. L. denotes the
language of set theory: first-order predicate calculus with equality and the binary
predicate symbol €. In this language AC denotes the Axiom of Choice, CH the
Continuum Hypothesis, and GCH the Generalized Continuum Hypothesis. ZF
denotes Zermelo-Fraenkel set theory in L, ZFC that theory with AC adjoined,
and ZF~ and ZFC~ these theories with the Power Set Axiom deleted.

The results in this book are theorems of ZFC ,

unless a different theory is specified either at the beginning of a section or statement
of a result. Thus, by “class” is meant definable class, and although ordered pairs
or even transfinite sequences of classes may be used, they will be definable as
single classes. The set-theoretic notation used in the text is generally standard,
with the possible deviations stipulated in the following précis:

Unless otherwise specified the first lower case Greek letters «, 8, y, 4, ...
denote ordinals, whereas the middle letters «, A, w, v, ... are reserved for infinite
cardinals. This convention is sometimes extended to allow these middle letters to
denote infinite cardinals only in the sense of some model, and this should be clear
from the context. Concerning the ath uncountable cardinal, tradition dictates that
an intensional distinction be maintained by referring to its ordertype by w, and
its cardinality by 8,, although this distinction is not always sharp or illuminating.
cf(y) denotes the cofinality of ¥, and ¥t denotes the least cardinal greater than y.
A cardinal « is a strong limit iff for every A < i, 2* < k.

On denotes the class of ordinals, V the universe of sets, V, the set of sets
of rank less than «, and H, the set of sets hereditarily of cardinality less than
«. The cumulative hierarchy (_J, V,, provides the basic stratification of V through
the full exercise of the Power Set Axiom, but the H,’s are often more suitable
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as approximations. Not only is their use more parsimonious since H, is usually
much smaller than V., but for regular «, H, models Replacement.

For a set x, |x| denotes its cardinality, P(x) its power set, and P.x =
{y € x| |y] < «}. af denotes cardinal exponentiation for cardinals o and 8,
and of = |«|P! for arbitrary o and B unless it is contextually clear that ordinal
exponentiation is meant. Also, a<* = | J{a# | B < «}, so that 1= is the cardinality
of PA.

For a function f, dom(f) denotes its domain, ran(f) its range, f‘‘x =
{f(y) | y € x}, the image of x under f (after Whitehead and Russell), and
flx = fN(x x V), the restriction of f to x. More generally, for a binary relation
R, Rx = {b | 3a € x({a,b) € R)}. "x denotes the collection of functions:
y — x, so that A* is the cardinality of “A, and ~*x = Uﬁw Px. Forl <n < w,
an n-tuple is regarded alternately as a member of some n-fold Cartesian product
X1 X ... x X, (defined recursively as (X X ... X X,,_1) X X,, for n > 1), or as
a sequence, i.e. a function with domain n. For example, X x ¥ for 0 < k < »
is viewed as consisting of (ug, ..., ug_1, ux) such that u; € X for i < k and
ur € Y. Concatenation ~ and initial segment have the expected meaning for n-
tuples. For finite sequences s, |s| is a convenient way of denoting its length. For
a function f and an n-tuple (xi,...,x,) in its domain, f(xi,...,x,) is written
for f({x1,...,x.)).

x C y denotes inclusion and x C y proper inclusion, with D and D having
the derived meanings. x —y denotes set subtraction, x Ay the symmetric difference
(x—y)U(y—x), and tc(x) the transitive closure of x, the smallest transitive set D x.
For x C On, ot(x) denotes its ordertype; min(x) = Nx when x # @; sup(x) = Ux;
max(x) = Ux when Ux € x; [x]* = {y C x | ot(y) = a}; [x]"* = Uﬂ<a[x]ﬁ
so that P.A = [A]™; [x]=¥ = Uﬂga[x]ﬂ; and an initial segment of x is a set of
form x N« for some «. Furthermore, if {1, ..., «,} is used to denote a member
of [x]=%, it is with the understanding that o; < ... < «,, and for f a function
with domain C [x]<°, f(«y, ..., a,) is written for f({«y, ..., @,}). In all of these
notations proper classes are allowed when the resulting expression is formalizable,
i.e. it again denotes a class.

Closed Unbounded and Stationary Sets

For X C On, y is a limit point of X iff | J(XNy) =y > 0. C is closed unbounded
in § iff C is an unbounded subset of § containing all its limit points less than §.
For regular v < §, C is v-closed unbounded in § iff C is an unbounded subset
of § containing all its limit points less than § of cofinality v. For limit ordinals
8, S is stationary in § iff S € 8 and SN C # @ for any C closed unbounded in
8. The “in 8” is deleted when clear from the context. If (X, | @ < 8) € *P(5),
then its diagonal intersection is {§ <6 | £ € ﬁa<g X4o}, denoted by A,-sX,. For
X COnand f: X — On, f is regressive iff f(a) < «a for every o € X — {0}.
The following is basic:
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0.1 Proposition. Suppose that ) > w is regular.

(@If vy <Xtand (Cy | @ < y) is a sequence of sets closed unbounded in A,
then (., Cq is closed unbounded in A.

(b) If (Cy | @ < L) is a sequence of sets closed unbounded in A, then its
diagonal intersection A, - Cy is closed unbounded in A.

(c) (Fodor [56]) If S is stationary in X and f: S — X is regressive, then there
is an a < A such that f~'({a}) is stationary in X.

(d) If v < Aisregular, S C{& < A | cf(§) = v} is stationary in A, and C is
v-closed unbounded in X\, then S N C # . —

Filters and Ideals

For a non-empty set S, F C P(S) is a filter (resp. ideal) over S iff F is a
proper, non-principal filter (resp. ideal) on the Boolean algebra P(S). The previous
sentence exemplifies the distinction intended between “over” and “on”. For E C
P(S), the filter (resp. ideal) over S generated by E is {X € § | 3Y € E(Y C X)}
(resp. {X € §|3Y € E(X CY)}), provided that it is proper and non-principal. A
filter (resp. ideal) F over S is A-complete iff forany y < Xand {X, |a <y} C F,
Moy Xo € F (resp. U, ., Xo € F). U is an ultrdfilter over S iff it is a maximal
filter over S, i.e. for any X C S either X € U orelse S — X € U. A filter F over
S is uniform iff |X| =|S| for any X € F.

As a convenient convention it is assumed that for a filter F over a cardinal A
the final segments . —a = {§ | < & < A} € F for every a < A. Concomitantly it
is assumed that for an ideal I over a cardinal ) the initial segments « = {£ | &€ <
a} € I for every a < A. For a regular cardinal A > w, C; denotes the closed
unbounded filter over A, the filter generated by the closed unbounded subsets of
A, which is A-complete by 0.1(a). Corresponding to it is NS;, the non-stationary
ideal over X, the A-complete ideal of non-stationary subsets of A.

Model-Theoretic Notation

For the model theory, familiarity is assumed with the basic notions of structures
and satisfaction, elementary equivalence, substructure and embeddability, com-
pactness, Skolem hull arguments, and the ultraproduct construction (although these
last two are reviewed below), as well as with the formalizability of the satisfaction
relation for set structures. The standard text for model theory is Chang-Keisler
[90], and the texts Devlin [84], Kunen [80], Moschovakis [80], and Drake [74]
work out set-theoretic formalizations.

For a formula ¢ of L, o™ denotes the relativization of the quantifiers to
the class M, defined by recursion on the complexity of ¢. This then extends to
definable terms and classes ¢ to yield ¥. More generally, for M a structure and ¢
a definable term in the corresponding language, "' denotes the interpretation of ¢
in M. The notation #(vy, ..., v,) for a term indicates that its variables are among
Vi, ...,V and @(vy, ..., v,) for a formula indicates that its free variables are
among vy, ..., v,. For convenience, variables are usually indexed as here from
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1, but on occasion, from 0. In any case the particular indexing is not restrictive,
since just as ¢ should be regarded as a meta-variable for formulas, so too should

the v;’s be regarded as meta-variables for formal variables. For 7(vy, ..., v,)
and ¢(vy,...,v,) as above and for terms ¢, ...,t,, t(t,...,1,) is the result of
replacing each occurrence of v; by #;, and ¢(z,...,t,) the result of replacing

each free occurrence of v; by f;, this allowed only when no variable in any ¢
becomes bound by a quantifier of ¢. Finally, M | ¢[xy, ..., x,] indicates that
¢ is satisfied in the structure M with the variable assignment taking v; to x; in
the domain of M, and +™(xy, ..., x,) denotes the interpretation of ¢ under this
assignment. = is extended to collections of formulas as in M = ZFC with the
expected meaning.

For a theory T, Con(T) should be a formal assertion of its consistency in
terms of an arithmetization of its language. For theories 77 and T3, T, is consis-
tent relative to Ty iff Con(T)) — Con(T); and T; and T, are equiconsistent iff
Con(T;) <> Con(T,). However, such assertions are better construed as part of the
mathematical English, the proofs in each case providing the sense.

Although these conventions are maintained when issues of satisfaction and
definability are discussed, specific formulas of L in our arguments are rendered as
usual in a mathematical English with the assignment of sets to variables indicated
by a direct substitution into the formula. Even when structures are being discussed
with some care, this conflating of syntax and semantics may occur to the right of
a |=; formulas are then set off from the rest of the text by the Quinean quotes
T when confusion is possible. For a formula ¢, ¢! may also denote its code
according to some contextually established arithmetization.

We work most often with structures for L. of form (M, N (M x M)),
consisting of a domain together with the real membership relation restricted to
it. For simplicity such a structure is usually denoted by (M, €), or just M when
contextually clear. For a theory T of Lc, M is an e-model of T iff (M, €) is a
model of 7. We also work with expanded structures of form (M, € N (M x M), R)
where R € M, denoted by (M, €, R). It is then to be understood that R is
interpreting a new unary predicate symbol, although in the set-theoretic context
Xx € R is often written instead of R(x). Similar remarks apply to further expanded
structures. When there is need to be explicit, LX (Rl, ....R ») denotes the language
Le of set theory expanded by constants x for every x € X and predicate symbols
Ry,...,R, of specified arity, with Lc(Ry, ..., Ry being ﬁ” (Ri,..., Ry.

We often consider structures with domams that are proper classes, like
V itself. The previous conventions apply, but there is an important caveat:
By the Godel-Tarski undefinability of truth argument (Jech [03:162]) the sat-
isfaction relation (T, (x1,...,x,)) € S iff V. E ¢[xi,...,x,] is formally
undefinable in ZF, and so also is the general satisfaction relation for proper
classes (T@!, (z1, ..., zi), "W, (x1, ..o, x)) € ST iff {y | oy, 2z, al} E
¥xy,...,x,]. This is the source of possible unformalizability in the text, and the
issue is discussed as it arises.
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Hierarchies of Formulas

Several hierarchies of formulas will figure in analyses of definability, particularly
in absoluteness and reflection arguments. For any (first-order) extension £ of
Le, the Levy hierarchy of formulas of £ is formulated as follows: A formula is
Yy and [1, if its only quantifiers are bounded, i.e. can be rendered as Yv € w
or 3v € w. Recursively, a formula is X, if it is of the form Jv; ... e
where ¢ is IT,, and IT,,; if it is of the form Vv, ...Vvip where ¢ is X,. For
convenience this terminology is extended by stipulating that every formula is X,
and I1,. The classification of definable concepts in this hierarchy depends on the
ambient theory. For a theory T of £, a formula ¢ is X! iff for some X, formula
¢, T+ ¢ < ¢'; and similarly for ITT. A formula is AT iff it is both £T and
ITT. This terminology is extended to classes through the analysis of their defining
formulas.

X2F and [T formulas are equivalent to formulas with blocks of like quanti-
fiers contracted into one through applications of the Pairing Axiom. Also, bounded
quantification does not add to complexity in ZF:

(i) If g is Z7F, s0 is Jv € wy and Yv € we .
(i) If ¢ is [TZF, so is Jv € wy and Vv € wy .

To show this, assume inductively that (i) and (ii) hold with n replaced by any
k < n. (ii) follows from (i) by taking negations, and the first part of (i) is
immediate. For the second part of (i), ¢ can be taken to be of form Jvyyy where
Y is IT,_;. Then by Replacement,

Yv € wavgy < Jv Vv € wvg € vy,

and the latter formula is X%F by induction.
A typical analysis of transfinite recursion leads to a useful observation:

0.2 Lemma. rank(vo) = v! is A%, and 'V, = v, is T7F.
Proof. Let ¢(f) be the formula
f is a function A Vx € dom(f)(x Cdom(f)A fx)=U{fM+1|yex}.

This asserts that f must satisfy the usual recursive definition for the rank function
on a transitive domain. Hence,

rank(vo) = vi i#ff f(@(f) A (vo, v1) € f)
iff Yf(e(f) Avyedom(f) — (vo,v1) € f).

@(f) is AZF, and so the first result follows. For the second, note that
Vi = V1 ff Yua(vz € v1 <> Juz € vy(rank(vy) = v3)) .

The latter is I77F by previous remarks about absorbing bounded quantifiers.
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A well-known observation, established by induction on formula complexity,
is that Xy formulas are absolute for transitive structures, i.e. if p(vy, ..., v,) is
Xy, M is transitive, and x1, ..., x, € M, then

(M’ E) |=§0[x1,...,x,,] l]_rf <V»€> |=(p[x1,...,xn].

Moreover, A" formulas are absolute for transitive €-models of ZF, i.e. if
@1, ..., vy) is A%F, M is such a model, and xi, ..., x, € M, then

(M, €) = glxi,....x] iff (V.€) Eolxi,....x].

This can be illustrated in terms of the proof of 0.2: If (M, €) E rank(x) = «,
then by the ¥ formulation, in M there is an f satisfying ¢ such that f(x) = «,
and hence this holds in V 2 M, so that rank(x) = « in V, i.e. there is upward
persistence. If rank(x) = «, then by the I1; formulation, for any f satisfying ¢
with x € dom(f) we have f(x) = «, and hence this holds in M € V so that
M [ rank(x) = «, i.e. there is downward persistence. We often use the basic
observation that if a ¢ is upward persistent, then so is Jvg, and if ¢ is downward
persistent, then so is Yvg.

For more information on the Levy hierarchy see Levy [65], Jech [03: 183ff],
Devlin [84: 27ff], or Drake [74: 75ff].

Concerning the satisfaction relation, the latter two texts provide (pp. 31ff and
pp. 891f resp.) formalizations of the relation for set structures that are A%F, and
hence absolute for transitive €-models of ZF. We will use the following strategem:
If M is transitive, y € M is transitive, ¢(vy, ..., v,) is a formula of L., and
X1,...,X, €y, then

v, &) Eelxt, ..., x,] iff (M, €)=V [xi,...,x,].

Thus, although (M, €) may not be a model of ZF, it can cast the satisfiability of
@ in (y, €) in the absolute terms of the X, formula ¢,

For proper classes, the unformalizability of the satisfaction relation was al-
ready mentioned. It will be useful to know that for any particular n and transitive
class M, the satisfaction relation =, for M restricted to X, formulas is formal-
izable in ZF: For n = 0, using the aforementioned absoluteness of X, formulas
for transitive structures,

ES elxt, ..., x] iff ¢, ..., v) is Zo and Iy € M(y is transitive
AXl,..., Xk €Y AN (y,€) Eolx1,...,x])

and recursively,

';,IH olx1, ..., x¢] iff e, ..., v) is X4, say for simplicity
Eh)kH . Elkar,—'lp(vl, ey vk+,) where Tﬁ is 2,,,
and Jy; ...y, —(=) vlx, oo Xk YL 2D

General higher-order languages have typed variables of every finite type (or
order), quantifications of these, and beyond the atomic formulas specified by the
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language, X € Y and X = Y for any typed variables X and Y. In the intended
semantics, if D is the domain of a structure, type 1 variables play the usual role
of first-order variables, type 2 variables range over P(D), and generally, type
i + 1 variables range over P(D) where P’ denotes i iterations of the power set
operation. A formula is IT)} iff it starts with a block of universal quantifiers of
type m + 1 variables, followed by a block of existential quantifiers of type m + 1
variables, and so forth with at most n blocks in all, followed afterwards by a
formula containing variables of type at most m 4 1 and quantified variables of
type at most m. A formula is X" iff it starts instead with existential quantifiers.
Of course, formulas containing only type 1 variables can be construed as the usual
first-order formulas. Note that this classification of formulas is cumulative because
of the “at most”: any I1)" or X" formula is also /1] and X for any r > m, or
r =m and s > n. Over the structures that will be considered these formulas will
always be equivalent to like formulas where blocks of like quantifiers have been
contracted into one.

Well-Foundedness
For a binary irreflexive relation R with field a set X,
R is well-founded iff any non-empty ¥ € X has an R-minimal element .

It is not assumed that R is transitive. The following is basic:

0.3 Lemma. For a binary relation R with field X, R is well-founded iff there is
a p: X — On which is order-preserving, i.e. if (x,y) € R, then p(x) < p(y). In
particular, 'R is well-founded' is A™™ and hence absolute for transitive €-models
of ZF. =

In the substantive direction, define a rank function p by recursion:

p(y) =sup({p(x) + 1| (x,y) € R}) .

The definition of well-foundedness is IT" and the rank function formulation, X7,
Also basic is the Collapsing Lemma:

0.4 Lemma (Mostowski [49], Shepherdson [51]). Suppose that (M, E,...) is a
(possibly proper class) structure with E a binary relation on M satisfying:

(a) E is well-founded,

(b) (M, E) is extensional, i.e. if a,b € M and x E a iff x E b for every
x €M, then a = b, and

(c) E is set-like, i.e. {x | x E a} is a set for every a € M.
Then there is a unique isomorphism w: (M, E,...) — (M, €, ...) where M is
transitive. —

(M, €, ...) is the transitive collapse of (M, €, ...);  is defined by recursion
on E by: n(x) = {n(y) | y E x} for x € M. The ... accommodates further
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relations and functions. For example, for (M, E, R) where R C "M there is an
S € "M such that w: (M, E,R) — (M, €, S) satisfies x € R iff m(x) € S for
xe"M.

Conditions (b) and (¢) are usually immediate for applications of the lemma in
this text, the former since the (M, E, ...) being considered is usually elementarily
equivalent to some (X, €, ...) where X is transitive. (a) is more consequential, but
the lemma will often be invoked when (M, E, ...) is an elementary substructure of
some (X, €, ...) when it too is immediate. As applications of the lemma become
routine, these conditions, and indeed the lemma, will be mentioned less and less.

Skolem Hull Arguments

To specify the approach and terminology, by a Skolem hull argument is meant an
argument based on some version of the following construction, detailed in Chang-
Keisler [90:§3.3]. Let M = (M,...) be a structure for a language L. For a
formula ¢ (vg, ..., v,) of L, f:"M — M is a Skolem function for ¢ iff for any
Xlyeour Xp €M,

M E Jvp[xy, ..., x,] implies that M = @[ f(xy, ..., %), X1, ..., X,] .

Such functions can be provided through a well-ordering of M by taking least
witnesses, and so if M has a definable well-ordering of M, there are definable
Skolem functions for every ¢. A complete set of Skolem functions for M is the
closure under functional composition of some collection {f, | ¢ is a formula}
where f, is a Skolem function for ¢. Such a collection has cardinality |£|, the
number of formulas of L.

Let M* be the expansion (M, fy)a<|z), Where fo: *M — M and {f, | @ <
|L]} is a complete set of Skolem functions for M. The function symbols corre-
sponding to the f,’s in the expanded language are the Skolem terms. For any
XCM,

{fa(xl, Ce ,Xk(a)) | o < |£| N X1y oo Xk() € X}

is the domain of a substructure of M*, and its reduct H(X) to the original language
is the Skolem hull of X in M with respect to {f, | @« < |L|}. By the usual
(Tarski) criterion, H(X) < M, i.e. H(X) is an elementary substructure of M.
This provides a useful version of the Lowenheim-Skolem Theorem:

0.5 Theorem (Tarski-Vaught [57:92]). Suppose that M = (M, ...) is a structure
for a language L, and X C M. Then there is an My = (M, ...) < M with
cardinality at most |X| + |L| such that X € M,. —

Beyond this result, a complete set of Skolem functions provides a uniform
way of generating many elementary substructures of a given structure.
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Ultraproducts

The basic ultraproduct construction is reviewed here partly in order to establish
the notation (see Chang-Keisler [90: §4.1] for details). Let U be an ultrafilter
over a set S, and for each i € S let M; = (M;, ...) be a structure for some fixed
language L. [ ], M; denotes the Cartesian product of the M;’s, i.e. the collection of
all functions f with domain S satisfying f(i) € M; fori € S. For f,g € [[¢ M;
define

f=vg iff ieS|fi)=g@}el.

Then =y is an equivalence relation on [[¢ M;, so let (f)y denote the correspond-
ing equivalence class of f and set [[(M;/U = {(f)v | f € [[sM;}. Finally,
define the ultraproduct of the M;’s by U, a structure for £ denoted by [[( M;/U,
as follows: (i) its domain is [ [ M;/U, and (ii) for any n-ary predicate symbol in
L interpreted in M; by the n-ary relation R; C " M;, the interpretation Ry in the
ultraproduct is defined by:

(fDus s (fdu) € Ry iff {i € ST (AW, ..., fuD)) e R} eU .

The interpretations of the function and constant symbols are defined analogously.
Note that if each R; is the real membership relation restricted to M;, then the
corresponding interpretation Ey in the ultraproduct is given by:

(Nv Ev Qv i {ieS| fi)egd}el.

The following is the basic £os’s Theorem:

0.6 Theorem (Lo$ [55]). For a formula ¢(vy,...,v,) and fi, ..., fu €[]s M

[[sMi/U = ol(fDu, -, (fu]l iff
ieSIMiEeli@),.... O]} eU. -

The proof is by induction on the complexity of ¢; the Axiom of Choice is needed
at the existential quantifier step.

When there is a fixed M = (M, ...) such that each M; is M, the ultraproduct
is the ultrapower of M by U, denoted SM/U. In this case there is by 0.6 an
elementary embedding j: M — SM/U given by: j(x) = (fi)y for x € M,
where f, is the constant function: S — {x}. Ultrapowers of V itself are formulated
in §5, and variations considered in subsequent sections.

Direct Limits

The direct limit construction is formulated here for elementary embeddings of
structures; tailored versions with obvious modifications are used several times in
different contexts. A directed set is a partially ordered set (S, <) such that for any
i,j € Sthereis a k € S such that i < k and j < k. A directed system is a pair
((M; |ielS), (fijli=]j)) where (S, <) is a directed set, each M; is a structure
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for a fixed language £, and each f;;: M; < M; is an elementary embedding such
that fix = fjx o fij fori < j <k (so that each f;; is the identity on M;).

A direct limit of such a system is a structure M for £ for which there are
elementary embeddings fi: M; < M for i € § with f; = fjo fi; fori < j, such
that: for each x in the domain of M, x € ran(f;) for some i € S. The following
proposition gives the essence of this concept:

0.7 Proposition. Suppose that ((M; |i € S), (fij |i < j)) is a directed system and
M is a direct limit with corresponding embeddings f;: M; < M. Assume that N
is a structure such that there are elementary embeddings g;: M; < N satisfying
gi = gj o fij for i < j. Then there is an elementary embedding g: M < N such
that gi = g o f;. =

To define g, for x in the domain of M, say x = f;(x) for some i € S and
X in the domain of M;, set g(x) = g;(x). “Une chasse sur les diagrammes”
confirms that the g is a well-defined elementary embedding.

0.7 implies that any two direct limits of a directed system are isomorphic,
and so one can speak of the direct limit — once it is established that there is one
at all, which can be done as follows:

Suppose that ((M; | i € S), (fi; | i < j)) is a directed system with M; the
domain of M; fori € §. Set B = J,;_¢{i} x M;, a union of disjoint copies of the
M;’s. Define a binary relation ~ on B by:

((,x)~(j,y) if IkeSi<k A j<k A fiulx)= fix(y)).

It is simple to check that ~ is an equivalence relation, so letting [(i, x)] be the
corresponding equivalence class of (i, x), set

M = B/~ = {[(i,x)] | (i, x) € B}.

To expand M into a structure for £, suppose for instance that £ has an n-ary
predicate symbol interpreted in M; by R; € "M; for i € S. Then define a
corresponding R € "M as follows: Given [{i1, x1)], ..., [{ix, X,)] € M, first find
a k € S such that iy < k for 1 <s < n. Then stipulate that

([ x0))s oo [ x)]) € RO (fik @)oo fik(en)) € Ric

It is simple to check that R is well-defined. Interpretations of function and con-
stant symbols are defined analogously. Let M = (M, R,...) be the resulting
structure for £. For each i € § define fi: M; — M by: fi(x) = [(i, x)]. Then
straightforward arguments show that M is a direct limit with f;’s the verifying
embeddings.

Measure and Category

These preliminaries are concluded by reviewing some basic concepts used in the
study of the continuum. R denotes the set of reals, formalized as the Dedekind
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completion of the rationals. However, members of “w or P(w) are also called
“reals” following set-theoretic practice. For discussing the structural properties of
R in set theory it is convenient to work with “w instead, topologized by taking as
the basic open sets

O@) ={f€®w|sC< f}

for s € =“w. This is known as Baire space, again denoted by “w. This space
is homeomorphic to the irrationals, and the essential features of the structural
properties that will be considered are preserved in this association with R (see e.g.
Levy [79: VII§3]). Once and for all,

<w

we fix an enumeration (s; | i € w) of ~“w such that |s;| < i

and sequences appear after their proper initial segments, given in some effective
manner. Some simple observations are made about the topology:

0.8 Exercise (ZF). Suppose that s, t € ~“w. Then:
(@) O(s) N O(t) is either @, O(s), or O(t).
(b) O(s) — O(t) is a disjoint union of basic open sets.
(c) O(t) is clopen, i.e. closed as well as open.
(d) Every open set is a disjoint union of basic open sets.

Hint. For (b) note that
0@)— 00 =0 NOW) | lul=1t] A u#t}

and apply (a). For (c) take s = @ in (b). Finally, for (d) suppose that O is an
open set, say O = Ujew O(s;;) in terms of our fixed enumeration. Set X; =
O(s;,) — Uk<j O(s;). Then O = Uj X; is a disjoint union, and by repeated
application of (b) each X; is in turn a disjoint union of basic open sets. =

These properties are one of several advantages of working with “w and imply
that, chameleon-like, “w is “zero-dimensional”; For 0 < k < w let ¥(“w), the k-
fold Cartesian product of “w, be topologized with the product topology, i.e. using
basic open sets of the form

O(si) x -+ x 0(s;) .

Then unlike for R, there is a homeomorphism: “w — *(“w). In fact, any bijection
of w with w - k induces such a homeomorphism. In what follows, concepts
are described for “w for notational simplicity, but their extensions to *(“w) are
assumed through these homeomorphisms or directly in terms of the corresponding
product notions.

Turning first to the concept of measure, we first review the axiomatic approach
of Emile Borel: For any set S and F C P(S),

F is a o-algebraon S iff ¥ € F and F is closed under the taking
of complements and countable unions .
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For such F and any m: F — [0, 1], where [0, 1] € R is the unit interval of reals,

m is a (probability) measure on F iff
(i) m(@) =0 and m(S) =1, and
(1) if {X,, | n € w} C F is a pairwise disjoint
collection, then m(|J, X,) = >_, m(X,) .
With “w in place of R,

the Borel sets are the members of the
o-algebra B on “w generated by the O(s)’s .

The Borel sets form a natural hierarchy (see §12), and focal are members of the
second level, the F, and G; sets in the classical but persistent terminology of
Hausdorff [14]:

A is F, iff A is a union of countably many closed sets .
Ais G5 iff A is an intersection of countably many open sets .

To endow B with a measure, let m,, be that measure on P(w) satisfying m,,({i}) =
270D 5o that my(a) = Y.,.,27“*D for any @ € w. Applying a standard
measure-theoretic construction (see e.g. Halmos [50: 157]), stipulate that

mp is the product measure on 5 induced by m,, .

mg(0(s)) = ]_[i<‘S|2*(S(i)+1) for each s € <“w — {#}, and mp is the unique
measure on B with this property. With “w in place of R, mp is Borel’s measure
from his [98:46-47], and it was extended by Lebesgue’s measure from his [02],
now of course a basic feature of mathematical analysis. A simple way to formulate
his extension is to stipulate first for N C “w that

N is null iff there is a Borel set X such that mp(X) =0and N C X,

and then for A C “w that

A is Lebesgue measurable iff A A B is null for some Borel set B .
in which case the Lebesgue measure of A is

mp(A) =mp(B) .

Clearly,

the Lebesgue measurable sets form a o-algebra M extending B,
and

my is a measure on M extending mp on B .

See e.g. Halmos [50] for the further development of the theory. Two well-
known properties are stated here for later reference. The first is immediate from the
standard characterization of m in terms of the inner and outer measures derived
from mp.
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0.9 Lemma.

(a) For any Lebesgue measurable set A and € € R with € > 0, there is a
closed set C and an open set O such that C C A C O and mp (0O — C) < €.

(b) For any Lebesgue measurable set A, there is an F, set X and a G5 set Y
such that X CACY andmp(X) =mp(A) =mp(Y). —

(b) follows directly from (a) and highlights the significance of F, and G;
sets.

The next theorem is the set-theoretic formulation of the familiar Fubini The-
orem in the case of null subsets of the plane. In the present context, Lebesgue
measure for ¥(“w) is just the k-fold product measure of m;; for A C ?(“w) and
y € “w, temporarily set A, = {x | (x,y) € A}.

0.10 Theorem. Suppose that A C *(“w) is Lebesgue measurable. Then A is a null
subset of 2(“w) iff {y | A, is not a null subset of “w} is a null subset of “w.

The Baire property evolved from the topological classifications of René Baire.
For A C “w,

int(A) = J{O | O isopen A O C A}, and
cl(A) =({C | Cisclosed A C D A}.

int(A) is the interior of A, the largest open set contained in A, and cl(A) is the
closure of A, the smallest closed set containing A.

A is nowhere dense iff int(cl(A)) =0 .
A is meager (or first category) iff A is a union of countably
many nowhere dense sets .
A has the Baire property iff A A O is meager for some open set O .

It is simple to see that i O is open, then the closed set cl(O) — O is nowhere
dense. Also, open and meager sets have the Baire property (the latter as ¢ is
open). The Baire property arose from considerations related to the Baire Category
Theorem:

0.11 Theorem (Baire [99]). No nonempty open set is meager.

Proof. Assume to the contrary that O is a nonempty open set such that O =
Ujew Xj Where each X; is nowhere dense. Define a sequence (i; | j € w) € “o
such that j < k implies that O 2 O(s;;) 2 O(s;,) and [s;;| < |s;,| as follows:
Let iy be least such that O(s;,) C 0. Given ij, there must be a t 2 's;; such
that O(r) N X; = @, else cl(X;) 2 O(s;;) and X; would not be nowhere dense.
Let ij; be the least i such that: O(s;,) N X; =9, s; 2 Si;» and |s;| > Isi; |-
Clearly, if x = U_,' si;, then x € O — Uj X, which is a contradiction. -

This theorem can be seen as an extension of Cantor’s result that the reals are
uncountable, and the proof a generalization of his original 1873 proof. The Baire
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Property draws its life from the theorem: if it failed, then by a homeomorphism
argument “w would be meager, and hence any A € “w would have the Baire
Property.

The next lemma gives some simple consequences of the definitions:

0.12 Lemma. Suppose that A C “w has the Baire property. Then:

(a) “@ — A has the Baire property.

(b) There is a Gs set X and an F, set Y such that X CACY and Y — X
is meager.

Proof. Let O be open such that A A O is meager. For (a), note that
Co—AACw—-—0)=AAO,

that cl(O) — O is nowhere dense, and hence that (“w — A) A (Yw — cl(0)) is
meager.

For (b), first note that since the closure of a nowhere dense set is also nowhere
dense, there is a meager F, set F such that AA O C F. Then X = O — F is
Gs, X C A, and A — X is meager. By (a) there is similarly a G5 set G such that
G C (Yo — A) and (Yo — A) — G is meager. Taking ¥ = “w — G, the proof is
complete. —

Note that (b) is analogous to 0.9(b) but with the roles of the F, and G, sets
reversed. By (a) and simple consequences of the definitions,

the sets having the Baire property form a o-algebra extending B .

Further important analogies as well as crucial differences exist between
Lebesgue measurability and the Baire property (see Oxtoby [71] and Kunen [84]).
The following theorem is the analogue of 0.10; like Lebesgue measure, the topo-
logical concepts extend naturally to X (“w).

0.13 Theorem (Kuratowski-Ulam [32]). Suppose that A  *(“w) has the Baire
property. Then A is a meager subset of *(“w) iff {y | A, is not a meager subset
of “w} is a meager subset of “w. =



Chapter 1

Beginnings

The beginning threads of the subject are picked up in its early history. §1 discusses
weak inaccessibility and Mahloness, concepts that arose in the study of cardinal
limit processes, and their strong versions, which led to early speculations about
completeness and consistency. §2 describes Ulam’s formulation of measurability,
the most prominent of all large cardinal hypotheses, out of a measure problem for
sets of reals. In §3 Gddel’s work on L, the beginning of axiomatic set theory as a
distinctive field of mathematics, is reviewed since in both reaction and generaliza-
tion it shaped much of the subsequent work in large cardinals. §4 discusses weak
and strong compactness, concepts that emerged from Tarski’s study of infinitary
languages, and establishes Hanf’s result, that in a strong sense there are many
inaccessibles below a measurable cardinal. The focus of §5 is on elementary em-
beddings and the ultrapower construction: Scott’s pivotal result that if there is a
measurable cardinal, then V # L; the characterization of measurability in terms
of ultrapowers and elementary embeddings; and the related notion of normality.
And finally §6 discusses indescribability, a natural formalization of reflection phe-
nomena in terms of higher-order languages that provided a schematic approach to
comparing large cardinals by size.
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1. Inaccessibility

That volume of Mathematische Annalen containing Zermelo’s first axiomatization
[08a] of set theory also contained Hausdorff’s wide-ranging paper [08] on trans-
finite ordertypes. While Cantor had concentrated his efforts on the rational and
real ordertypes, the second-number class, and of course, the Continuum Hypoth-
esis, Hausdorff extended mathematical investigations into the higher transfinite.
Deploring all the fuss made over foundations by his contemporaries (p.436) he
ventured forth with vigor, pursuing structure for its own sake. His paper contains
the first statement of the Generalized Continuum Hypothesis, the construction of
the n, sets — prototypes for saturated model theory — and for the first time, the
following concept (p.443) formulated for ¥ > w:

Kk is weakly inaccessible iff « is a regular limit cardinal .

(The term “inaccessible” is attributed to Kuratowski in Sierpinski-Tarski [30];
“weakly” is appended for a later distinction.)

Hausdorff observed that such a « must satisfy w, = k and is a natural closure
point for cardinal limit processes. In modern terms, a simple argument shows that
if C is closed unbounded in «, then so is C' = {@ € C | |C N «| = «a}; taking
C=xwehave C' ={o <k | |lo| =a}, C' ={a < k | wg = «}, and so
forth. However, Hausdorff was to write in his classic text [14: 131] that if weakly
inaccessible cardinals did exist, “the least among them has such an exorbitant
magnitude [exorbitanten Grdsse] that it will hardly ever come into consideration
for the usual [iiblich] purposes of set theory”. It is now well-known that the
existence of weakly inaccessible cardinals cannot be established in ZFC (since
L, = ZFC for such « — see §3).

Inspired by Hausdorff’s work Mahlo [11, 12, 13] ventured much further and
investigated hierarchies of regular cardinals formulated in terms of higher fixed
point phenomena. Given its early appearance this work is remarkable for its
boldness and sophistication. (Mahlo was a student of Felix Bernstein at Halle
and attended seminars of Cantor there, completing his dissertation (on geometry)
in 1908. He was first to publish [13a] a construction under CH of what is now
known as a Luzin set, an uncountable set of reals that has countable intersection
with every meager set. Gottwald-Kreiser [84] discusses Mahlo’s life and work.)
Recasting Mahlo’s m, numbers,

Kk is 0-weakly inaccessible iff « is regular ;
Kk is (a + 1)-weakly inaccessible iff « is a regular limit of a-weakly
inaccessible cardinals ; and
Kk 18 8-weakly inaccessible iff k is a-weakly inaccessible
for every a < §

for limit ordinals § > 0. This hierarchy can be extended through diagonalization,
considering next the regular limits of those £ that are £-weakly inaccessible. By
a simple induction argument, if k is B-weakly inaccessible and o < B, then « is
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a-weakly inaccessible. With Reg the class of regular cardinals and A the operation
defined on X € On by

AX)={eeX || XNa| =a},

the «-weakly inaccessible cardinals are just the members A%(Reg), where the
superscript indicates the number of iterative applications of A with intersections
taken at limit stages. The hierarchy of w-weakly inaccessible cardinals can thus be
seen as the consequence of imposing regularity on the process of taking cardinal
limits.

The A operation leads to larger and larger cardinals, but typically, a new
principle is needed to achieve a qualitative transcendence. Mahlo was able to
formulate such a principle, using for the first time the concept of a stationary set.
(The term itself comes from Bloch [53].) His py numbers are now known through
the following definition for ¥ > w:

Kk is weakly Mahlo iff {p < k | p is regular} is stationary in « .

Such a « is regular (if there were an unbounded X C « such that | X| < «, then
the limit points of X — |X| other than « would form a closed unbounded subset
not containing any regular cardinals), and so weakly Mahlo cardinals are weakly
inaccessible. The following illustrates what led Mahlo to these cardinals:

1.1 Proposition (Mahlo [11]). If « is weakly Mahlo, then k is k-weakly inacces-
sible.

Proof. Setting R = {p < k | p is regular}, define sets C, closed unbounded in «
for @ < « by recursion as follows: Set Cy = x. Given Cy, let C,; consist of the
limit points of C, N R other than x. As «k is weakly Mahlo, C, N R is stationary,
and so Cyq1 is closed unbounded. Finally, for limit § > 0 set Cs = [),_5 Ca-
It is readily seen by induction that for « < x, C, N R consists of the a-weakly
inaccessible cardinals below «, and hence the proof is complete. —

This result is not optimal since we could take the diagonal intersection C =
Aq<Cq, infer that CN R = {§ < k | £ is &-weakly inaccessible} is stationary
in «, and continue. Interestingly enough, Gaifman [67] showed that in a concrete
sense a weakly Mahlo cardinal is the least upper bound of diagonalizing limit
processes from below. Such an upward approach is not possible for the larger
cardinals that will be encountered.

Mahlo formulated his p, numbers by iterating the new process:

Kk is O-weakly Mahlo iff « is regular ;
K is (@ + 1)-weakly Mahlo iff {¢& <« | & is a-weakly Mahlo}
is stationary in « ; and
Kk is 8-weakly Mahlo iff « is a-weakly Mahlo for every o < §

for limit ordinals § > 0. Again, the hierarchy can be extended through diago-
nalization, considering next those « such that {§ < « | & is &-weakly Mahlo}
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is stationary in «. By a simple induction argument, if k is B-weakly Mahlo and
a < B, then k is a-weakly Mahlo. The following operation defined for X € On
is now known as Mahlo’s operation:

M(X)={x € X | X N is stationary in o} .

As for A and the o-weakly inaccessible cardinals, the a-weakly Mahlo cardinals
are just the members of M*(Reg); 1.1 illustrates the transcendence of M over A.
Despite its modest debut Mahlo’s operation is now a standard part of the modern
theory.

Almost two decades were to pass before the initial preoccupation with the
extent of the ordinals was enhanced by considerations involving the width of the
set-theoretic universe as advanced by the power set operation. Sierpinski-Tarski
[30] and Zermelo [30] formulated the following concept for x > w:

Kk is (strongly) inaccessible iff « is regular and a strong limit:
if L <k, then 2* < « .

The adverb “strongly” is suppressed for this preferred notion. Assuming GCH, «
is inaccessible iff «k is weakly inaccessible.

The cumulative hierarchy view V = |, V, of the set-theoretic universe was
emerging at this time. In its terms, the following proposition implies that the
existence of inaccessible cardinals cannot be established in set theory:

1.2 Proposition. Suppose that k is inaccessible. Then:
(@) If x C V., then x € V,. iff |x| <«.
(b) (Vi, €) E ZFC.

Proof. (a) In the forward direction, it suffices to show that |V,| < « for o < «.
But this follows readily by induction on «. Conversely, suppose that x C V, with
|x] < k. By the regularity of «, {rank(y) | y € x} € « for some o < «, and so
X € Va+l c VK'
(b) All the axioms of ZFC except Replacement are readily seen to hold in V,
for any limit ordinal « > w. To verify Replacement for V,, suppose that x € V,
and F is any function: x — V,. Then |F“x| < |x| < k and so by (a) F*x € V.
_1

Temporarily let IC be the hypothesis: There is an inaccessible cardinal. If IC
and « is the least inaccessible cardinal, then it is readily seen that V, &= ZFC +
—IC. Hence, IC is not provable in ZFC. This first independence result over ZFC
was essentially observed in Zermelo [30] and was also asserted in Sierpinski-
Tarski [30]. (Kuratowski [24] reported that he had considered a theory of sets
— essentially ZFC sans Foundation — and remarked that even in the presence of
Replacement “one cannot establish [on ne saurait établir]” the existence of weakly
inaccessible cardinals. However, despite the reading of Mostowski [49: 162] this
could not have been shown at the time without assuming some form of GCH.)
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That the existential postulation IC immediately leads to its own independence is
analogous to the situation with the Axiom of Infinity: V,, = [Every set is finite!.
Similarly, if « is the least Mahlo, then V, |= [There are no Mahlo cardinals!. This
is a typical feature of large cardinals.

The independence of IC can also be established by appealing to the Second
Incompleteness Theorem of Godel [31] since ZFC + IC = Con(ZFC) by 1.2(b).
This further implies that Con(ZFC + IC) is not provable from Con(ZFC), again
by Godel’s theorem. This finer result points out a qualitative difference: the
very possibility of discussing formal consistency in Godel’s careful analysis far
transcends the simple proof of 1.2(b). Tarski soon became aware of this distinction
([38:87)).

With ZFC having been cast as a first-order theory 1.2(b) does not characterize
inaccessibility, by the Lowenheim-Skolem Theorem (0.5). Significantly, this fact
was observed only latterly (Mostowski [49], Montague-Vaught [59]) in the wake
of new model-theoretic initiatives. On the other hand, a characterization can be
achieved by venturing into higher-order logic. Let ZFC? denote the second-order
version of ZFC where the schema of Replacement is replaced by a single axiom
with a second-order universal quantifier. The following is established with the
intended interpretation of second-order variables as ranging over arbitrary subsets
of the domain.

1.3 Theorem (Zermelo [30], Shepherdson [52]). « is inaccessible iff V, = ZFC?.

Proof. The forward direction is as for 1.2(b).

For the converse, first note that « is regular: If not, there would be an @ < «
and a function G: ¢ — k with a range unbounded in x. Then G C V,, and
so by second-order Replacement G“a € V,. Hence, sup(G“a¢) = « € V,, a
contradiction.

It remains to establish that « is a strong limit cardinal: If not, there would
be a A < k such that 2* > «. Then P(1) € V, by the Power Set Axiom, yet there
would be a surjection H: P(L) — k. So again by second-order Replacement,
H“P(\) = k € V,, a contradiction. —

Strictly speaking, the intrusion of the second-order satisfaction relation is
not essential here since ZFC? can be cast as a single axiom: V, | ZFC? is
equivalent to the relativization ¢'<+! for some first-order formula ¢. John Shep-
herdson [52] was first to give a formal proof of 1.3. However, it is a remarkable
historical happenstance that Zermelo [30] had already established an informal ver-
sion:

In [30] Zermelo presented his final axiomatization of set theory, incorpo-
rating Replacement and Foundation, and moreover offered a striking, synthetic
vision of sets as partaking in a succession of natural models. From his [29] clar-
ification of the crucial notion of definit property used in his Separation Axiom
it is evident that Zermelo couched his approach in higher-order logic. Strictly
speaking, this would be the formal interpretation, and Shepherdson’s criticism
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([52:227]) of Zermelo’s proof of 1.3 as “insufficiently rigorous” is justified from
this point of view. But Zermelo had adopted a definite anti-formalist viewpoint
by then, and downgraded the significance of Skolem’s remarks [23] on the rel-
ativism of first-order formalizations. For Zermelo concepts like power set and
cardinal number simply had definite extensions and assumed an absolute signifi-
cance.

It was in Zermelo [30] that initial segments of the cumulative hierarchy
U, Va were first proposed as models for the axioms of set theory. Although the
hierarchy was adumbrated by Mirimanov [17] and by von Neumann [25], Zermelo
was the first to actually adopt the Foundation Axiom. Moreover, he started with
collections of urelements (his term) as bases for his hierarchical models. Although
this device has turned out to be unnecessary for the enrichment of set theory itself,
it is still important in restricted contexts (like admissible sets — see Barwise [75]).

Zermelo’s main achievement was to establish a second-order categoricity of
sorts for his axioms: he showed that his models are characterized up to isomor-
phism by two cardinals, the number of its urelements and the height of its ordinals.
Moreover, there is a unique end-extension relation between any two models, based
on these two invariants, so that one model is just a set in a higher domain. In
order to establish these results Zermelo used the cumulative hierarchy analysis
to correlate models rank by rank. Grappling with Replacement he characterized
these ordinal heights of models (“Grenzzahlen”) as regular fixed points of the Beth
function, and hence arrived at inaccessible cardinals essentially through 1.3.

Zermelo went on to propound a dynamic view of sets that posits an endless
succession of models of set theory ([30:47]):

The ‘ultrafinite antinomies of set theory’ that scientific reactionaries and anti-

mathematicians refer to so assiduously and lovingly in their campaign against set theory,

these seeming ‘contradictions’, are only due to a confusion of set theory itself, which is

non-categorically determined by its axioms, with particular representing models: What

appears in one model as an ‘ultrafinite non-or metaset’ is in the next higher one already a

fully valid ‘set’ with cardinal number and ordinal type, and is itself the foundation stone

for the construction of the new domain. The unlimited series of Cantor’s ordinal numbers

is matched by just as infinite a double series of essentially different set-theoretic models,

the whole classical theory being manifested in each of them. The two diametrically oppo-

site tendencies of the thinking spirit, the idea of creative progress and of comprehensive

completion, which also lie at the root of the Kantian ‘antinomies’, find their symbolic

representation and symbolic reconciliation in the transfinite series of numbers based on

the concept of well-ordering. This series in its boundless progression does not have a true

conclusion, only relative stopping points, namely those ‘limit numbers’ [i.e. inaccessible

cardinals] which separate the higher from the lower model types. And thus also, the set-

theoretic ‘antinomies’ lead, if properly understood, not to a restriction or mutilation but
rather to a presently unsurveyable unfolding and enrichment, of mathematical science.

These words run counter to Cantor’s (and later, Godel’s) view of a fixed set-
theoretic universe, yet conform in a way to his realist conception of mathematics
as consisting of all consistently conceivable objects. In any event, it is notewor-
thy that inaccessible cardinals played such a prominent role in an early structural
analysis of the universe of sets. Tarski [38,39a] later formalized the existence
of arbitrarily many inaccessible cardinals as an axiom, phrased in such a way
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that most of the axioms of set theory including the Axiom of Choice are deriv-
able. Nevertheless, Zermelo’s infinitistic conception was soon to be overtaken
by a growing preoccupation with the formalism of first-order logic, following the
incisive analyses of Skolem and Gddel.

In analogy with the weakly Mahlo cardinals,

Kk 1s (strongly) Mahlo iff {o@ < « | « is inaccessible} is stationary in « .

As with inaccessibility the adverb “strongly” is suppressed for this preferred no-
tion. The hierarchies of the

a-inaccessible and «a-Mahlo cardinals

are analogously defined, and the analogue of 1.1 obtains.

Almost half a century after their introduction Levy revitalized the study of
Mahlo cardinals with his investigation of reflection phenomena, shifting the fo-
cus from the “weak” to the “strong” versions because of the interplay with the
cumulative hierarchy (§6).
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2. Measurability

This section picks up another thread, one that led to measurability, the most
prominent of all large cardinal hypotheses. This development occurred in Poland,
which featured a school of mathematics crucial to the foundations of mathemat-
ical logic, topology, and analysis. After the reunification of the country in 1918
Zygmunt Janiszewski at the newly reopened University of Warsaw encouraged
the focusing of Polish mathematics on set theory and related areas to establish a
national tradition, and the publication of a new journal to promote international
research in these directions (see Kuratowski [80] and Kuzawa [68]). This was
the origin of Fundamenta Mathematicae (genitive singular), the first specialized
journal devoted to foundational issues and the main conduit of scholarship in this
general area during the 1920’s and 1930’s (see Kuzawa [70]). The first volume,
incidentally, contained the well-known problem of Suslin [20] that led to the in-
vestigation of Suslin trees in modern set theory. At Warsaw Sierpinski together
with Kuratowski and Tarski were soon making fundamental contributions to set
theory and the understanding of its role in mathematics. For present concerns
work of Stefan Banach and the young Stanistaw Ulam at Lwow (now Lviv) on
an abstract measure problem turned out to be fundamental.

Modern measure theory dates back to Lebesgue’s thesis [02], where he posed
the Measure Problem. For the real line this asks: Is there a function m that
associates to every bounded set of reals X a non-negative real number m(X) such
that:

(a) m is not identically zero .

(b) m is translation-invariant, i.e. m(X) = m(Y) whenever
there is a real r such that Y = {x +r | x € X}, and

(c) m is countably additive, i.e. if {X, | n € w} is a pairwise disjoint
collection whose union is a bounded set of reals, then

m(Un Xn) = an(Xn) .

Lebesgue developed his measure towards a solution to this problem, and of course,
it is now integral to mathematical analysis. (For the historical development of
Lebesgue measure and integration, see Hawkins [75].) Part of the problem was
to decide what passed for a set of reals. Giuseppe Vitali [05] constructed a
non-Lebesgue measurable set of reals from a well-ordering of the reals, thereby
showing that the Measure Problem has no solution under the Axiom of Choice.
This was the first explicit use of AC to construct a specific set of reals after
Zermelo’s formulation of the axiom, a manipulative use of a well-ordering very
different from Cantor’s associations of sets with well-orderings. For Lebesgue
[07], Vitali’s construction raised doubts not so much about the possibilities for a
measure but about AC.

Vitali’s counterexample used all the conditions (a)-(c). Banach proposed
a generalization of the Measure Problem where (b) is replaced by a minimal
necessary condition to avoid trivial solutions: m({x}) = 0 for every x. With
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a proof that has a contemporary relevance Banach-Kuratowski [29] established
that under CH this version of the problem also has no solution. Note that by
(b) and (c) a solution m to the Measure Problem is determined by its values on
P([0, 1]), the subsets of the unit interval [0, 1]. Banach realized that his condition
removed geometric considerations from the problem, so that [0, 1] can be replaced
by an arbitrary set S. In this case, if m is not identically 0 on P(S), then surely
m(S) > 0, and so we can normalize and assume that m(S) = 1. Thus, the measure
problem of Banach [30] might as well be posed as follows: Is there a nonempty
set S and a function m: P(S) — [0, 1] such that:

) mS$) =1,
(i) m({x}) =0 for every x € S, and
(iii) for pairwise disjoint {X, | n € w} C P(S),

m(Un Xn) - Zn m(Xn) .

Such a function will simply be called a measure over S (it is a measure on P(S)
in the sense of §0). The following exercise points to a salient feature of measures:

2.1 Exercise. If T C {X C S| m(X) > 0} is uncountable, then there are distinct
Y,Z € T such that m(Y N Z) > 0.

Hint. Note that for some n € w, {X € T | m(X) > %} is uncountable. —

For a measure m over a set S,

m is A-additive iff for any y < A and pairwise disjoint
{Xo | <y} SPS), m(U, Xo) =2, m(Xe) .

(Here, a transfinite sum of reals is the supremum of the sums of finite subcollec-
tions.) Banach saw that only the cardinality of the set S matters in his problem,
and that in lieu of property (iii) one might as well require a stronger property.

2.2 Exercise. Suppose that « is the least cardinal such that there is a measure over
k. Then every measure over k is k-additive.

Hint. If not, let m be a measure over k, y < k, and {X, | « < y} C P)
pairwise disjoint such that m(|J, Xo) # Y., m(Xy). Then y > w and there are
only countably many «’s with m(X,) > 0 by 2.1. Removing these through the
additivity property (iii), assume without loss of generality that each m(X,) = 0,
yet m(J, Xo) =r > 0. Now check that m: P(y) — [0, 1] defined by

ﬁ(Y) — m(UareYXa)

is a measure over y, contradicting the minimality of «. —
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For k > w,
Kk is real-valued measurable iff there is a x-additive measure over «.

If m is such a measure, then clearly m(X) = 0 whenever |X| < x. Hence, it is
easy to see that a real-valued measurable cardinal is regular. Banach [30: 101]
established under GCH that every real-valued measurable cardinal is weakly in-
accessible.

As a student at Lwow Ulam [29] had already provided, in measure-theoretic
terms, the first construction of an ultrafilter over w using a well-ordering of P (w).
(Tarski [29] announced the general result that any filter over a set can be extended
to an ultrafilter over that set.) In his doctoral dissertation Ulam then established
fundamental results concerning Banach’s measure problem; as we shall see, this
work involved a direct generalization of an ultrafilter over w. Ulam first removed
GCH from Banach’s result above; for this purpose, he devised a useful combina-
torial device now known as an Ulam matrix:

2.3 Proposition (Ulam [30]). For any A, there is a collection of sets
{AS | < AT A & <A} € PO satisfying

(@) A5 N A; = ( whenever o < B8 < At and & < A; and

B) AT = Uy ALl < A for each a < AF.

Proof. For each n < A" let f,: A — n + 1 be surjective, and for @ < A* and
& < A set Ai ={n < A" | f,(§) = a}. Then (a) is immediate and for (b) note
that (A* — U, _;, A%) Ca. -

2.4 Corollary. If « is real-valued measurable, then k is weakly inaccessible.

Proof. Since k must be regular, it remains to establish that « is a limit cardinal.
Assume to the contrary that « = A, and consider an Ulam matrix as in 2.3. Let
m be a «-additive measure over «. Then for each & < AT, there is a £, < A such
that m(Ai“) > 0 by 2.3(b). But then, there must be a fixed & < X such that §, = &
for AT many «’s. By 2.3(a), this contradicts 2.1. =

Ulam then pointed out a major dichotomy. For a measure m over «,

A C k is an atom for m iff m(A) > 0 yet for any B C A,
m(B) =m(A) or m(B) =0, and
m is atomless iff there are no atoms for m .

Ulam drew important conclusions both from the existence of an atomless measure
and from the existence of a measure with an atom. (b) of the following does not
need much beyond Ulam’s proof of (a).

2.5 Theorem (Ulam [30]). Suppose that there is an atomless k-additive measure
m over k. Then:

(a) Kk < 2%,

(b) There is a measure over the reals extending Lebesgue measure.
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2.6 Lemma.

(i) For any € € R with e > 0 and X C k withm(X) > 0, thereisaY € X
satisfying 0 < m(Y) < €.

(ii) For any X C k thereis a Y C X satisfying m(Y) = % -m(X).

Proof. (i) It suffices to recursively define a C-descending sequence of sets X;
satisfying 0 < m(X;41) < 3 - m(X;) for each i € w. But given X;, since m
is atomless, there is a partition A U B = X; such that 0 < m(A) < m(B); set
X1 = A

(i1) Recursively define a C-descending sequence of sets X, such that m(X,) >
% -m(X) for as long as possible, as follows: Set Xy = X. If X, has been de-
fined, define X, exactly when m(X,) > % -m(X), in which case it is to satisfy
Xos1 © Xy and m(Xy) > m(Xgyy) > % -m(X). This is possible by (i). Finally,
for 8 a limit ordinal define X5 = (1),_s X, exactly when X, has been defined for
each o < §. There must now be an @ < w; such that m(X,) = % -m(X), else the
collection {X, — X411 | @ < w1} would contradict 2.1. —

Proofof 2.5. For each s € ~“w define sets X; C « as follows: Set Xy = k. Given
X, apply 2.6(ii) recursively to get sets X~ for i € w such that

X5 = Uic,, X5~y is a disjoint union ,

and
m(Xe-p) =27 m(Xy) .

For each f € “w set Yy = (1), Xy, so that m(Yy) = 0. « = J{¥f | f € o},
and so m cannot be (2%)*-additive, and hence (a) follows.
For (b) define u: P(“w) — [0, 1] by

(A =m(U{Yy | f € A) .

It is simple to check that u is a (in fact x-additive) measure over “w. It remains
to use properties of the Lebesgue measure m; as formulated in §0 to show that
extends m: By the construction of X; for s € ~“w,

1(0(s)) =m(X,) =[] 27 =mp(06)) -

Thus, by definition of m,, u and m agree on the Borel sets. But then, u(N) =0
for any null set N, and consequently u and m, agree on the Lebesgue measurable
sets. —

This result provided for the first time a well-motivated example of a weakly
inaccessible cardinal < 2™, and hence a plausible hypothesis implying a drastic
failure of Cantor’s Continuum Hypothesis. Much stronger results are now known
along these lines, but almost forty years were to pass before the primary results
on real-valued measurability < 2% were established by Solovay (§§16,17). For
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a portmanteau compendium of recent results on real-valued measurability, see
Fremlin [93].

The other road taken by Ulam was to be even more consequential. Suppose
that a k-additive measure m over k does have an atom A C k. If u is defined on
P(k) by

m(X N A)
nX) = ——m—,
m(A)
then w is a k-additive measure over k with range {0, 1}. This property can be
conveniently expressed in terms of ultrafilters: For such a two-valued measure u,

set:
Ui={X Sk |px)=1).

Then U, is a (non-principal) ultrafilter over «. For instance, if X,Y e U,
then X NY € U,: otherwise X —Y € U, and ¥ — X € U,, leading to the
contradiction (X U Y) > 2. Furthermore, the x-additivity of w translates to a
strong intersection property: Recall that a filter F is A-complete iff for any y < A
and {X, | <y} C F, X € F. There is a simple dual characterization
for ultrafilters:

a<y

2.7 Exercise. An ultrafilter U is A-complete iff for any y < A and
UYs | @ <y} € U, there is an a < y such that Y, € U. —

Hence, our U, is k-complete. This leads to the most important concept of
all large cardinal theory: For k > w,

k is measurable iff there is a k-complete ultrafilter over « .

Measurability is a direct generalization of the existence of ultrafilters over w (which
of course are w-complete). The finite intersection property is automatically pre-
served when taking the union of a chain of filters, so that just a maximal principle
is needed to get ultrafilters over w. But k-completeness for k > w is not similarly
preserved, so that the existence of a k-complete ultrafilter over x must be explic-
itly postulated. Tarski [39,45] investigated the concept of measurability in the
context of Boolean algebras and x-complete prime ideals — just the dual notion.
The following result stands in contrast to 2.5(a):

2.8 Theorem (Ulam; Tarski — Ulam [30: 146]). If k is measurable, then « is
inaccessible.

Proof. What remains beyond 2.4 is to establish that « is a strong limit. Suppose
that U is a xk-complete ultrafilter over «, and assume to the contrary that A < «,
yet there is an injective function f: x — *2. For each a < A, there is an i, < 2
such that X, = {§ <« | f(§)(@) = i} € U. Hence, X = (,_; Xo € U, and
for £ € X, f(§)(a) = i, for every @ < A. But then, X can have at most one
member, which is a contradiction. —
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Whether the least measurable cardinal is strictly larger than the least inac-
cessible cardinal became a focal question, and was settled only thirty years later.
For a result that by present-day standards is rather straightforward this may seem
like a remarkably long time — even taking into account the convulsive events that
took place in Europe. However, this is a typical case of a long-standing math-
ematical problem suddenly solved in the wake of new techniques — and perhaps
surprisingly, sufficiently strong methods were first to emerge in the semantics of
infinitary languages (§4).

Meanwhile, the center stage in set theory was taken by Godel’s formula-
tion of the constructible hierarchy and the consistency of the Axiom of Choice
and the Generalized Continuum Hypothesis (§3). Nonetheless, in the growing
abstraction of modern mathematics measurability occurred in various fields as a
limitative concept: Mackey [44], vector lattices; Hewitt [48], rings of continuous
functions; Ehrenfeucht-Los [54], infinite cyclic groups; and further references in
Keisler-Tarski [64: 272]. It remained for Scott to establish the modern and central
relevance of measurable cardinals in connection with the ultrapower construc-
tion (§5).
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3. Constructibility

This section does not discuss a new large cardinal concept, but rather the major
contribution to set theory of the foremost mathematical logician of our time and his
speculations about large cardinals. That contribution not only launched axiomatic
set theory as a distinctive field of mathematics, but stimulated subsequent work in
large cardinals first in complementary reaction and then in structural generalization.

In October of 1935 Gddel informed von Neumann at the Institute for Ad-
vanced Study in Princeton that he had established the relative consistency of the
Axiom of Choice. This he did, of course, by devising his constructible hierarchy L
(for “law”) and verifying the axiom there. Godel conjectured that the Continuum
Hypothesis would also hold in L, but he soon fell ill and only gave a proof of this
and GCH two years later (the crucial idea apparently came to him during the night
of June 14-15, 1937 — Godel [86:40]). In addition to these fundamental results
he observed that in L there are delimitative counterexamples for descriptive set
theory (§§12, 13).

Godel’s article [38] in the Proceedings of the National Academy of Sciences
U.S.A. was the first announcement of these results, and the succeeding [39] pro-
vided more details in the context of ZF. To review, a set y is definable over

a structure M iff there is a first-order formula ¢(vy, ..., v,) in the language
of M and parameters ay,...,a, in the domain of M such that: z € y iff
M = ¢lz,ay,...,a,]. For any set x,

def(x) = {y € x | y is definable over (x, €)} .

This is a set, being itself a subset of P(x) definable via the formalized satisfaction
relation for (x, €). Now define by transfinite recursion:

Lo=W; Loy =def(Ly) ; Ls =, 5Ly for limit § > 0;

and
L=U,Lq-

Thus, L is a (definable) class, the class of constructible sets, and the assertion
V =L,1e. Vx(x € L), is the Axiom of Constructibility. It is already apparent why
the Axiom of Choice would hold in L: By transfinite recursion within L one can
well-order L level-by-level, well ordering L, — L, according to definitions and
the previous well-ordering of the parameters from L,. The verification of GCH
was less obvious, evidently inspired by the analysis of Skolem [23], the source
of the Lowenheim-Skolem Theorem. Devlin [84], Kunen [80], Moschovakis [80]
and Drake [74] provide expositions of Godel’s results.

Godel believed that careful epistemological analysis can lead to significant
mathematical advances, and his remarkable successes amply bear out this con-
tention. His results with L actually represent a steady intellectual development
from his celebrated Incompleteness Theorem [31] which was to extend later to
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speculations on large cardinals. Already in footnote 48a to [31], made much of
by Kreisel [80], Godel wrote:

. the true reason for the incompleteness inherent in all formal systems of mathematics
is that the formation of ever higher types can be continued into the transfinite ... while in
any formal system at most denumerably many of them are available. For it can be shown
that the undecidable propositions constructed here become decidable whenever appropriate
higher types are added (for example, the type w to the system P [Peano Arithmetic]). An
analogous situation prevails for the axiom system of set theory.

Godel’s first description of L in [38] shows how he had built on this insight:

This model, roughly speaking, consists of all “mathematically constructible” sets, where
the term “constructible” is to be understood in the semiintuitionistic sense which excludes
impredicative procedures. This means “constructible” sets are defined to be those sets
which can be obtained by Russell’s ramified hierarchy of types, if extended to include the
transfinite orders. The extension to transfinite orders has the consequence that the model
satisfies the impredicative axioms of set theory, because an axiom of reducibility can be
proved for sufficiently high orders.

Godel thus regarded his hierarchy as a transfinite extension of Russell’s, which
can be construed as a formal theory of L, ,. Although this is a hierarchy of pred-
icative definitions (i.e. quantifying over domains of previously formed objects),
Godel’s realization was that extending the indexing of higher types through all the
ordinals would lead to a completion of the axioms of set theory, as adumbrated
in that footnote to [31]. Godel stressed the historical continuity: the allusion to
Russell’s ill-fated Axiom of Reducibility is a clear reference to the rectification: if
x € L; and A is a cardinal in L, then for any y € x in L there is a y < A such that
y € L,,. Thus, the impredicative power set operation is tamed in L, leading to the
consistency of GCH. In later commentary on Russell’s mathematical logic Godel
[44:147] argued that with his “transfinite theorem of reducibility”, “all impred-
icativities are reduced to one special kind, namely the existence of certain large
ordinal numbers (or well-ordered sets) and the validity of recursive reasoning for
them.”

Interestingly enough, Gddel viewed L as an outright construction using trans-
finite reasoning in metamathematics. See Wang [74: 8ff]; in a letter quoted there
Godel wrote about his CH result: “... there was a special obstacle which really
made it practically impossible for constructivists to discover my consistency proof.
It is the fact that the ramified hierarchy, which had been invented expressly for
constructive purposes, had to be used in an entirely nonconstructive way.” Godel
was aware of Zermelo’s [30], and there is an affinity of sorts in the direct use of
infinitary methods and the positing of successive domains. To be sure, Zermelo
did not formalize his logic, while Godel was led to transfinite types by his inves-
tigation of formal systems. In any formalization of L the extent of the ordinals
as sustained by Replacement has to be accommodated, and significantly, the main
statement of formal consistency about ZF in Gddel [39] appealed to what Zermelo
had called “Grenzzahlen”: If k is inaccessible, then L, = ZFC + GCH. « need
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only be weakly inaccessible here because of the proof of GCH (Firestone-Rosser
[49D).

In his monograph [40], based on lectures given at the Institute for Advanced
Study during the winter of 1938-39, Godel gave another presentation of L. This
time he generated L set by set with a transfinite recursion in terms of eight
elementary set generators, a sort of Godel numbering into the transfinite. These
generators were based on a finite second-order axiomatization of the Separation
Schema by Paul Bernays [37], which in turn had an antecedent in a functional
formulation in von Neumann [25]. Providing a rigorous formalization of his
metamathematical construction Godel now emphasized how it yields an “inner
model” and finitary relative consistency proofs. In particular, an external appeal to
an inaccessible cardinal was no longer necessary. Moreover, the new presentation
highlighted the stark contrast between the elementary set formation processes and
the extent of the ordinals.

Ironically, the development of set theory in these formative years may have
been ill-served by [40]. Bearing the burden of authority it overshadowed [39] and
obscured its model-theoretic approach, especially in the Skolem hull argument
for the consistency of GCH. Only decades later was the sort of fine analysis of
[40] to become an appropriate framework: Godel himself considered L only as
a contrivance for establishing consistency results, but in the mid-1960’s Ronald
Jensen [72] developed a “fine structure” theory for L of intrinsic interest, and the
study of constructibility and its generalizations has become one of the mainstreams
of modern set theory.

Expanding on his vision of completability of formal systems using higher
types Godel speculated in the 1940’°s about the possibility of deciding proposi-
tions with large cardinal hypotheses, particularly with respect to the Continuum
Problem. In a lecture at Princeton University in December of 1946, Godel re-
marked [90: 151]):

In set theory, e.g. the successive extensions can most conveniently be represented by
stronger and stronger axioms of infinity. It is certainly impossible to give a combinatorial
and decidable characterization of what an axiom of infinity is but there might exist, e.g. a
characterization of the following sort: An axiom of infinity is a proposition which has
a certain (decidable) formal structure and which in addition is true. Such a concept of
demonstrability might have the required closure property, i.e. the following could be true:
Any proof for a set-theoretic theorem in the next higher system above set theory ... is
replaceable by a proof from such an axiom of infinity. It is not impossible that for such a
concept of demonstrability some completeness theorem would hold which would say that
every proposition expressible in set theory is decidable from the present axioms plus some
true assertion about the largeness of the universe of all sets.

This is a remarkably optimistic statement about the possibility of discovering
new “true” axioms that will decide every set-theoretic proposition. Note that the
following reflection argument for motivating large cardinals is almost explicit: (a)
any set-theoretic proposition can be established in the “next higher system above
set theory”, say if the satisfaction relation for V were available; and (b) this use of
the relation may in particular cases be replaceable by a strong axiom of infinity,



3. Constructibility 31

say with a corresponding large cardinal playing the role of On. Gddel went on
to apply his reflection argument to formulate the concept of ordinal definability
(see Godel [90: 146]). The Reflection Principle (see after 6.2) later schematized a
basic argument that can be carried out in ZF.

In an accentuated form reflection came to be the main heuristic advanced for
motivating various large cardinals: Largeness properties ascribable to On confront
the antithetical contention that it is essentially incomprehendable, recalling Can-
tor’s Absolute. This inability to characterize On in its open-endedness then fosters
the synthetic move to a large cardinal at which such properties obtain.

The Continuum Problem was the focus of an expository article [47] by Gddel
that included rare statements concerning his realist conception of mathematics. He
assumed that the Continuum Hypothesis would be shown independent from ZF,
and argued moreover that it must be false according to certain a priori intuitions.
Regarding formal axioms that might resolve such questions he speculated about
large cardinals in more concrete terms than in his 1946 remarks. Citing Zermelo
[30] and echoing its theme Gddel argued on the basis of the cumulative hierarchy
for new axioms “which assert the existence of still further iterations of the opera-
tion ‘set of” ”, giving inaccessible and Mahlo cardinals as examples. However, he
mentioned that cardinals like these relativize to L (3.1) and hence cannot imply
the failure of CH.

Godel went on to speculate ([47:521]):

. even disregarding the intrinsic necessity of some new axiom, and even in case it had
no intrinsic necessity at all, a decision about its truth is possible also in another way,
namely, inductively by studying its “success”, that is, its fruitfulness in consequences and
in particular in “verifiable” consequences, i.e. consequences demonstrable without the new
axiom, whose proofs by means of the new axiom, however, are considerably simpler and
easier to discover, and make it possible to condense into one proof many different proofs
... There might exist axioms so abundant in their verifiable consequences, shedding so
much light upon a whole discipline, and furnishing such powerful methods for solving
given problems (and even solving them, as far as that is possible, in a constructivistic
way) that quite irrespective of their intrinsic necessity they would have to be assumed at
least in the same sense as any well established physical theory.

This interestingly undercuts an avowedly realist position with a pragmatism that
dilutes the force of “truth”, but is resonant with subsequent investigations, par-
ticularly of the Axiom of Determinacy (Chapter 6). See Wang [74:200ff] for
more on Godel’s views on intrinsic necessity and pragmatic success for accepting
new axioms. Godel concluded his article with some controversial remarks on
mathematical evidence against CH (cf. Martin-Solovay [70: 176], Martin [76]).
Whatever can be said about G6del’s proposals and despite latter-day refer-
ences to “Godel’s program”, it is unclear how much actual influence they had on
subsequent developments. True, Tarski who was to make an important contribu-
tion in 1960 (§4) heard Godel’s 1946 Princeton lecture, but a text did not become
generally accessible until 1965 in Godel [65]. The article [47] was widely read,
but it was addressed to non-specialists. And nowhere have Godel’s remarks been
acknowledged as having been an inspiration. In the 1960’s the theory of large
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cardinals quickly developed a self-fueling momentum, and blossomed into a so-
phisticated branch of set theory far overshadowing Godel’s epistemological con-
cerns.

In an unpublished footnote 20 toward a 1966 revision of his [47] Godel was
to acknowledge ([90: 260ff]) the new developments, matters taken up in §§4, 5:

In recent years great progress has been made in the area of axioms of infinity. In
particular, some propositions have been formulated which, if consistent, are extremely
strong axioms of infinity of an entirely new kind ... Dana Scott ... has proved that one
of them implies the existence of non-constructible sets. That these axioms are implied by
the general concept of set in the same sense as Mahlo’s has not been made clear yet ...
However, they are supported by strong arguments from analogy, e.g., by the fact that they
follow from the existence of generalizations of Stone’s representation theorem to Boolean
algebras with operations on infinitely many elements.

This last presumably refers to strong compactness (see 4.1). The heuristic of
generalization from Ry, like reflection, also came to be used to motivate various
large cardinals. Recalling Cantor’s unitary view of the finite and the transfinite,
large cardinal properties satisfied by Ry would be too accidental if they were not
also ascribable to higher cardinals in an eternal recurrence.

It is now known that in 1942 Gd&del had developed partial results toward the
independence of the Axiom of Choice, and that he soon abandoned this work (see
Moore [88:149-151]). According to Kreisel [80:201], “With present experience
it is not too difficult to complete the proof. But something essential — in Godel’s
words (in conversation): a method — had been missing ...” According to John
Addison (Moore [88: 150]), Godel feared that his proof would lead set-theoretic
research in the wrong direction. Rather than developing relative consistency re-
sults, the concept of set should be analyzed more carefully and new axioms sought
that would simply settle issues like the Continuum Hypothesis. Nonetheless, in a
revised postscript toward a 1966 revision of his [47] Godel was to declare (Godel
[90:270]) that Paul Cohen’s work on the independence of CH ... is the greatest
advance in the foundations of set theory since its axiomatization”, noting that it
showed in particular that large cardinals have no direct bearing on CH (10.12ff).

Whatever the subsequent developments, Godel’s construction of L had estab-
lished the minimum possibility for the set-theoretic universe, and large cardinals
were to provide the counterweight first in reaction and then in generalization.
Scott’s result that measurable cardinals contradict V = L (§5) inspired research
that was to establish the intrinsic necessity of large cardinals for transcending such
hypotheses. The generalizations of constructibility accommodating measurability
(§§20,21) led to a full-blown theory of minimal models for large cardinal hy-
potheses. And throughout, a crescendo of results was to amply demonstrate the
pragmatic success of large cardinals in settling a large variety of questions, many
about definable sets of reals. In these more subtle ways Godel’s hopes about large
cardinals have been vindicated.
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Inner Models

The structural generalizations of Gédel’s L began with abstractions, relativizations,
and some conditional independence results. With largely proof-theoretic aims in
mind Shepherdson [51,52, 53] carefully formalized and studied a general notion
of “inner model”. The term will be reserved for a special case: For a proper
class M,

M is an inner model iff M is a transitive €-model of ZF with On C M .

Such M modeling ZFC are specified by M is an inner model of ZFC, and so forth.
These notions can be formalized for arbitrary classes M in a theory like Morse-
Kelley where the class satisfaction relation is definable, but some clarification is
necessary for formalization in ZF:

(1) By “class” in the ZFC context is meant definable class, i.e. there is a
formula ¢(vy, ..., v,) and sets ay, ..., a, such that x € M is merely une fagon
de parler for ¢[x,ay, ..., a,].

(i1) Let Inn(v) be the formula

Uv Cv A Va(def(vNV,) Cv).

Inn(v) easily implies that On C v by induction on ordinals and that {v NV, |
a € On} C v. Using this relativized rank hierarchy, it follows as for L that for
any axiom o of ZF, with o™ the relativization of o to M

(%) Fze Inn(M) — oM

(cf. Devlin [84:60-63]). Moreover, for any transitive class N with On C N
satisfying -zr oV for every axiom o of ZF, it can be shown that -z Inn(N).

Since all instances of ZF axiom schema are needed in the proofs of the
theorems (x), (i) and (ii) constitute a formalization in a weak sense. Nonetheless,
Inn(M) will be what is meant by the assertion that M is an inner model, and
M = ¢ will often be written for the more proper oM.

The archetypical inner model is L, and L € M for any inner model M since
LM = L. Because of this Shepherdson [53] observed that the relative consistency
of theories like ZFC + —GCH cannot be established by relativization to an inner
model. Furthermore, as noted by Godel [38:557] (and more clearly in [51:69]),
some large cardinals relativize to inner models:

3.1 Exercise. If M is an inner model of ZFC and « is an a-inaccessible cardinal,
then (k is a-inaccessible)M. The analogous assertion holds for a-Mahlo cardinals.

Hint. Show that: (a) if « is a strong limit, then « is a strong limit in the sense of
M, and (b) if « is regular, then « is regular in the sense of M. Now use induction
on «. 4
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Despite these inherent limitations Andras Hajnal [56,61] and Levy [57,60]
in their doctoral dissertations in Hungary and Israel respectively developed basic
generalizations of L which will be central to our later concerns about the effect of
large cardinals on the inner structures of set theory. Moschovakis [80: 489ff, 531ff]
and Drake [74:149ff] contain careful expositions on the following models, of
which only the salient features are noted:

Hajnal essentially provided for a given set A the constructible closure L(A),
i.e. the smallest inner model M such that A € M. If there is no concern about how
the elements of A are to be incorporated into L(A), the Zermelo [30] urelement
basis idea can be used with the transitive closure tc({A}) to ensure that the resulting
class is transitive:

Lo(A) =tc({A}) ; Lay1(A) = def(Ly(A)) ;
Ls(A) =, _sLa(A) for limit § > 0 ;

and
L(A) =J,La(A) .

Although L(A) is indeed an inner model, unless tc({A}) has a well-ordering in
L(A), L(A) does not satisfy the Axiom of Choice. |L,(A)| = |tc({A})] - || for
a > w, a result established by induction on «.

Levy on the other hand developed for a given set A the inner model L[A]
of sets constructible relative to A, i.e. the smallest inner model M such that for
every x € M, ANx € M. The idea is to define a relativized hierarchy where
assertions about membership in A can be made of sets defined thus far. Let

def’(x) = {y C x | y is definable over (x, €, ANx)},
making A N x available as a unary relation for definitions. In analogy with L,
Lo[A1=9; Los1[A]l = def*(Lo[A]) ; Ls[A] = U,_sLa[A] for limit § > 0 ;

and
Al =, La[A]

Unlike for L(A) what remains of A is only AN L[A] € L[A], so that for example
L[R] = L for the reals R. However, L[A] is more constructive since knowledge
of A is incorporated through the hierarchy of definitions, and like L, L[A] satisfies
the Axiom of Choice. |Ly[A]| = |a| for &« > w, a result established by induction on
a. The theory of L[A] is best developed with structures (L,[A], €, ANL,[A]) for
Lc(A), the language of set theory augmented by one unary predicate symbol A.

As with L itself a prominent feature of the theory is the absoluteness
of the definitions involved, which leads to the following (see Moschovakis
[80:515,532]):
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3.2 Proposition.
(a) If M is an inner model with A € M, then L(A)M = L(A).
(b) If M is an inner model with AN M € M, then L[TAN MM = L[A].
(¢c) If ANL[A]= BN L[A], then L[A] = L[B].
(d) L[A] = L[AN L[A]] = L(A N L[A)]).
(e) If AC L, then L[A] = L(A). =

For future reference, some results about L and L[A] are stated that be-
gin the finer analysis of constructibility (see Devlin [84:71,75] or Moschovakis
[80:496, 516, 533)).

3.3 Theorem.
(a) There is a sentence oy of L such that for any transitive class N,

(N,€) E=og iff N=L v N = L; for some limit§ > .

Also, there is a formula ¢y(vy, v1) of Le that defines in L a well-ordering < of
L such that for any limit § > w, any y € Ls, and any x,

x <py iff x€Ls A (Ls, €) E polx, y].

(b) There is a sentence oy of Lc(A) where A is unary such that for any A
and any transitive class N,

(N,e,ANN) o, iff N=L[A] v N = Ls[A] for some limit § > w .

Also, there is a formula ¢, (vy, v1) of Lc(A) thatin any (L[A], €, ANL[A]) defines
a well-ordering <p1a) of L[A] such that for any limit § > w, any y € Ls[A], and
any x,

x <gra1y i x € Ls[A] A (Ls[A], €, AN Ls[A]) = oi[x, y] . -

The sentence oy leads directly to Godel’s Condensation Lemma, the crux of
his proof of GCH in L: If § > w is a limit ordinal and (H, €) is an elementary
substructure of (L, €), then (H, €) has a transitive collapse (by 0.4) that must be
of form (L, €) for some « (because of ay).

Although differing in their formal presentations, both Hajnal and Levy used
a set of ordinals A so that L[A] = L(A) by 3.2(e), and the distinctions were to
surface only later. Hajnal and Levy (as well as Shoenfield [59] who formulated a
special version of Levy’s construction) used these models to establish conditional
independence results of the sort: If —CH is consistent, then so is —=CH together
with 2* = A* for sufficiently large A. Hajnal’s finer analysis led to a useful fact:
IfV=L[A]and A C T, then 2 = . In particular, if =CH and A C w; codes
wy distinct subsets of @ as well as injections: o« — w; for every o < ws, then
a)2L (4] = &, and so (2™ = 2™ = w,)L14]. More pointedly, if 2% # w, is provable
in ZFC, then so is CH. All this anticipated the expected independence of CH, and
providing at least a semblance of continuity Cohen duly established this with his
celebrated method of forcing.
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4. Compactness

For almost three decades after 1930 no significant advance was made in the in-
vestigation of large cardinals, but Alfred Tarski maintained a steady interest in
the subject. He visited the United States from Poland in 1939, but the outbreak
of war precluded his return, and by 1942 he was established at the University
of California at Berkeley. Through his initiatives he was to play a pivotal role
in the flowering of mathematical logic in California, and Berkeley became the
leading center for set theory in the 1960°s. In particular, he and his co-workers
were to make basic contributions to the theory of large cardinals through the infu-
sion of model-theoretic methods. This section describes the early stages of these
developments and brings into full play the model-theoretic preliminaries of §0.

Combinatorial elaborations had already been suggested in the early paper
Erdos-Tarski [43] which at the end described various properties of cardinals im-
plying inaccessibility (see §7). The details of implications asserted there were
presented in an influential seminar conducted by Tarski and Andrzej Mostowski
at Berkeley in 1958-9, and soon appeared in Erdos-Tarski [61]. It was against
this backdrop that Tarski’s initiatives in another direction were to lead to a real
breakthrough.

Tarski [58] considered the semantics of the infinitary predicate languages L,
and later raised the issue of their possible compactness. In brief, an L,, language
is formulated as follows: Proceeding as for the usual first-order logic, first specify
a supply of non-logical symbols: (finitary) predicate, function, and constant sym-
bols. These together with an allowed supply of max({X, u}) many variables lead
to the terms and atomic formulas. Then the usual formula generating rules are
expanded to allow conjunctions /\S<a and disjunctions \/g<a of « formulas for
any o < A, and universal quantifications V¢_g and existential quantifications J; g
of B variables for any 8 < u. Finally, a formula is an expression so generated
with less than p free variables, this to allow the possibility of quantificational clo-
sure. Structures for interpreting the language are as for first-order logic, and the
satisfaction relation is extended to incorporate the new infinitary connectives and
quantifiers in the expected way. (For book studies of these languages see Karp
[64] for the formal syntax, Keisler [71] for the model theory of L,,,, and Dick-
mann [75] for the general model theory; Dickmann [85] provides an overview.)
In what follows, properties of L,, logic that are straightforward generalizations
of those for the usual first-order, i.e. L, logic are taken for granted. In subse-
quent sections the concepts introduced will be applied in terms of combinatorial
characterizations and the results established considerably improved.

Tarski [62] formulated two natural generalizations of the well-known com-
pactness property of L,,: A collection of L;, sentences is satisfiable iff it has a
model under the expected interpretation of infinitary conjunction, disjunction and
quantification; and is v-satisfiable iff every subcollection of cardinality less than
v is satisfiable. For x > w,
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Kk is strongly compact iff any collection of L,, sentences,
if k-satisfiable, is satisfiable .
Kk is weakly compact iff any collection of L, sentences using
at most k non-logical symbols,
if k-satisfiable, is satisfiable .

Tarski’s original formulation of weak compactness had the more stringent condi-
tion |X| = x and does not imply the inaccessibility of « (Boos [76]), while the
one that is adopted here does (4.4) which is the modern preference.

By the early 1960°s the development of the basic ultraproduct construction
led to a surge of new results in model theory and an enduring interest in ultra-
filters. The general construction was introduced by Jerzy Los [55], where the
basic theorem 0.6 is implicit. Then Frayne-Morel-Scott [62] and also Kochen
[61] propagated the basic theory as developed by the authors and Tarski. The for-
mer paper provided an ultraproduct proof of the Compactness Theorem, a direct
generalization of which is used in the following characterization.

4.1 Proposition (Keisler-Tarski [64]). « is strongly compact iff for any set S,
every k-complete filter over S can be extended to a k-complete ultrafilter over S.

Proof. Suppose first that « is strongly compact and F is a x-complete filter
over a set S. Using constants X for every X C S, let X be the L., theory of
(SUP(S), €, X)xcs together with the sentences ¢ € X for every X € F, where
c is a new constant. X is k-satisfiable as F' is k-complete, so let M model X' by
strong compactness. Now define U by:

XeU iff XCSAMEceX.

It is simple to check that U is an ultrafilter over S extending F, and X' has the
L, sentences which ensure that U is x-complete.

For the converse, note first that ¥ must be regular: If to the contrary k were
singular, then k-completeness would readily imply «+-completeness for filters.
But then, if U is any «-complete ultrafilter over x* extending the x-complete
(even kt-complete) filter {X C «* | [« — X| < «T}, then U would also be
kT-complete and so kT would be measurable, contradicting Ulam’s 2.4.

Suppose now that ¥ = {0, | « < A} is a k-satisfiable collection of L,
sentences. Recall that P.A = {x C A | |x| < k}. For any x € P\, let M, be a
structure for the language of X so that M, = A, 0«. With the availability of
M, we can assume that A > k. As

oaEex

{xePA|yCx}|yePc}

generates a x-complete filter over P,A by the regularity of «, let U be a k-
complete ultrafilter over P, A extending this filter. Consider the ultraproduct M =
HPM M, /U. 1t is straightforward to check that, essentially by the same proof
as for L, Lo$’s Theorem 0.6 holds for L., and ultraproducts by k-complete
ultrafilters. Since for any o < A,
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xePA| Mo, }2{xePAr|aextelU,

it follows that M = oy,. =

An analogous characterization exists for weak compactness in terms of an
appropriately curtailed filter extension property (Keisler-Tarski [64:288]).
The next two results were first observed in equivalent formulations.

4.2 Corollary (Erdos-Tarski [43:328]). If « is strongly compact, then k is mea-
surable.

Proof. « is regular by the proof of 4.1. The filter {X C « | |x — X| < «}
is consequently k-complete, and any x-complete ultrafilter over « extending it
verifies the measurability of «. =

4.3 Proposition (Erdos-Tarski [43:328]). If « is measurable, then «k is weakly
compact.

Proof. Suppose that X' be a «-satisfiable collection of L,, sentences using at most
k non-logical symbols. Then it is simple to see that | X| < x=*. But measurable
cardinals are inaccessible, so | Y| < k. With (0, | @ < k) enumerating X we can
now proceed as for 4.1:

For each B < «k let My k= /\a<ﬂ 0y. Let U be any k-complete ultrafilter
over «, and set M =[], Mg/U. Then for any o < «,

B<k|MpgEo}2{B<k|B>a}elU,
and so M = ay. 4

Finally, weak compactness entails inaccessibility:

4.4 Proposition. If k is weakly compact, then « is inaccessible.

Proof. To show that « is regular, assume to the contrary that X C « is unbounded
yet | X| < «. Then for distinct constants ¢ and ¢, for o < «,

{c#c|a<kiU {\/ﬁex\/a<ﬂc = cq}

is k-satisfiable yet not satisfiable — a contradiction.

To establish that « is a strong limit, assume to the contrary that there is a
A < k such that 2* > k. Then for distinct constants ¢, and d; for « < A and
i <2,

Noillca =dIV e =dp) NdY)#dy]} U (N, (ca #d1) | fe2).

is not satisfiable, else any interpretation of (c, | « < A) would correspond to a
function: A — 2 different from every member of *2, yet by similar reasoning any
proper subset is satisfiable — a contradiction. =
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Presumably with the old question of whether the least measurable cardinal
is strictly larger than the least inaccessible cardinal in mind, Tarski suggested
to his student William Hanf at Berkeley that he investigate the possible weak
compactness of inaccessible cardinals. Using appropriate L, sentences Hanf [64]
in 1960 was able to establish that there are in fact many inaccessible cardinals
below a weakly compact cardinal; notably, the early proofs were directly analogous
to Tarski’s construction of a consistent yet w-inconsistent theory. Thus, the least
measurable cardinal is, a fortiori, strictly larger than the least inaccessible cardinal
(Tarski [62]).

This Hanf-Tarski breakthrough was the first result about the size of measur-
able cardinals since Ulam’s original paper. It was greeted by Abraham Robinson
[62: 78] as “a spectacular success” for metamathematical methods. Tarski himself
opined ([62: 125]) that it was “contrary to expectations”; presumably, inaccessibil-
ity should have sufficed to generalize the compactness property of L. Several
times in the development of set theory, such key results have reoriented the col-
lective set-theoretic intuition and spurred a spate of new research. Hanf’s work
radically altered size intuitions about problems that were coming to be understood
in terms of large cardinals.

Several methods are now known to establish Hanf’s result, two quickly dis-
covered in its wake: Keisler [62] via ultrapowers and Hanf-Scott [61] via inde-
scribability (§6). We shall proceed without much ado from an equivalent formu-
lation of weak compactness. Like the recursive functions weak compactness has
many diverse characterizations, which speaks to the naturalness and centrality of
the concept. More will be encountered in coming sections as different themes
are pursued. Most of the equivalences were established in the early 1960’s, and
later summarized in Silver [71: 62] and Devlin [75] — see also Comfort-Negrepontis
[74: 185] for topological equivalences and Dickmann [75: 184] for model-theoretic
equivalences.

H. Jerome Keisler established the following result, generalizing the use of the
Compactness Theorem to get proper extensions of models. A student of Tarski at
Berkeley and later a prominent model theorist, Keisler made important contribu-
tions at this formative stage by providing useful model-theoretic characterizations
as well as ultraproduct proofs (cf. 5.6).

4.5 Theorem (Keisler [62,62a]). « is weakly compact iff « has the Extension
Property: for any R C V, there is a transitive set X # V, and an S C X such that
<VK7 67 R) < <X7 es S)

Remarks. < denotes the assumed concept of elementary substructure; it is re-
viewed in a larger setting at the beginning of §5. Note that since X # V, is to be
transitive, k € X.

Proof. Suppose first that « is weakly compact and R € V,.. « is inaccessible by
4.4, so that |V, | = «. Using distinct constants ¢ and x for each x € V., let ¥ be
the L, theory of
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(Ve, €, R, x)erK

together with the sentences /c is an ordinal! and ¢ # &' for each @ < k. Then X
is clearly «-satisfiable, and so by weak compactness it is satisfiable. Of course,
the Axiom of Extensionality is in X. Also, well-foundedness is readily seen to be
expressible already in L,,,,, and so X has a member saying € is well-founded.
Hence, by the Collapsing Lemma 0.4 X has a transitive model

(X, €,8,%, ¥)rev,
where y interprets c. For any x € V,, ¥ contains the sentence
Vv(vefc<—>\/yex v=1y),

so by induction on rank, x € V, implies that x = x. Clearly y is an ordinal > «
so X # V,, and hence the reduct (X, €, S) satisfies all the requirements.

For the converse, first observe that the Extension Property for « implies its
inaccessibility: Assume first that there is a 4 < «, a cofinal map F: u — «, and a
proper extension (V,, €, F) < (X, €, S) where X is transitive. Then Ix(F“u C x)
fails in the first structure yet Ax(S“u < x) holds in the second, which is a
contradiction. Assume next that there is a v < « such that ¥ < 2". Then
2" < |Vy41] and V, 4y € V,, and so a surjection G: V,y; — « can be used to
again derive a contradiction.

Next, note that for any inaccessible A the following two Lowenheim-Skolem
theorems for L;; are verifiable by essentially the same arguments as for L, (0.5):

(1) If o is a satisfiable L;, sentence, then it has a model of cardinality
less than A .

(i) If X is a satisfiable collection of L;, sentences of cardinality at
most A, then it has a model of cardinality at most A .

Suppose now that X' is a «-satisfiable collection of L,, sentences using at
most x non-logical symbols. The corresponding L,, language has x formulas by
the inaccessibility of k, and so we can carry out an arithmetization of the language
that codes formulas with members of V, and formulate the satisfaction relation for
set structures in V, as a class of V.. Let Ry C V, code this satisfaction relation,
and construing X' to be a subset of V, through the arithmetization let Ry: x — ¥
be surjective. Then by (i) above

(Ve, €, R, Ry) E Voe(Rz“a has a model) .

By the Extension Property (with (R;, R;) coded by a single subset of V,) let
(Vie, €, R1, Ry) < (X, €, 81, $,) be a proper extension where X is transitive. By
elementarity SZ“K = RZ“K = XY and (X, €, 51, $2) &= X has a model. But by
the inaccessibility of «, (V,, €) and hence (X, €) models ZFC, and since X is
transitive and k € X, (X, €) |= « is inaccessible (cf. 3.1). It follows by (ii) above
that
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(X, €, S1,5) = X has a model M with domain C « .

Finally, it can be assumed that the L,, satisfaction relation S; for M is upward
persistent (in fact absolute) between X and V as <k C V, C X: as in the L,
case the relation for M is X (and also IT;). Hence, M really models X' in V.

Although (X, €) = « is inaccessible, it cannot in general be asserted that
(X, €) = «k is weakly compact: X may not contain all the needed models of
k-satisfiable sets of sentences. Otherwise, (V,, €) | Ja(a is weakly compact)
by elementarity, and hence by a simple argument there really would be a weakly
compact cardinal less than «. This cannot happen, of course, if « is the least
weakly compact cardinal. Large cardinal theory is replete with this sort of near
miss.

Toward Hanf’s result, a result about reflecting stationary sets is derived:

4.6 Proposition. Suppose that « is weakly compact. Then:

(a) If A is stationary in k, then there is an inaccessible A < k such that AN
is stationary in A.

(b) If A, is stationary in k for each a < k, then there is an inaccessible » < k
such that A, N A is stationary in A for each o < A.

Proof. (a) Assume to the contrary that for each £ < «, either £ is not inaccessible
or else there is a C¢ closed unbounded in & such that CcNA = . Let R: k — V,
be defined by: R(£§) = C; if £ is inaccessible and = ¢ otherwise. By 4.5 (with
(A, R) coded by a single subset of V) let (V,, €, A, R) < (X, €, B, S) be a proper
extension with X transitive. Then
(X, €, B, S) = « is inaccessible A
S(k) is closed unbounded in x A S(k)NB =0 .

But then, S(k) really is closed unbounded, and since BNk = A, S(k)NA =0
contradicting the assumption that A is stationary.

(b) The argument is similar, using the assumption C¢ N A, = ¥ for some
a<&and A= {{a,B) | B € Ay} instead. —

4.7 Corollary (Hanf [64]). If k is weakly compact, then k is k-Mahlo.

Proof. We show that « is «-Mahlo for ¢ < k by induction on «. The basis and
limit cases are immediate, so it remains to argue from o to o + 1:

Suppose that « is @-Mahlo. Then for 8 < «a, Ag = {§ < « | £ is f-Mahlo}
is stationary in x. Let C be closed unbounded in x. Then by 4.6(b) there is
an inaccessible A < « such that C N A and Ag N A for B < « are all stationary
in A. Hence, A € C and A is «-Mahlo. Since this obtains for any such C,
{€ <k | & is «-Mahlo} is stationary in «, i.e. ¥ is (o + 1)-Mahlo. —

The full force of 4.6(b) leads to the conclusion that {§ < « | £ is £-Mahlo}
is stationary in «. Indeed, Hanf [64] extended the Mahlo hierarchy with a diago-
nalization operator related to 4.6(b) and established that weakly compact cardinals
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are high in this hierarchy. He wrote ([64:313]): “However, it turns out that for
each class defined in such a constructive way, it appears almost certain on the
basis of “naive” set theory (or what is sometimes called “Cantor’s absolute”) that
not all cardinals belong to the class.” That is, his arguments in no way disallow
weakly compact cardinals.

Tarski [62: 134] did make a clear distinction between inaccessible and weakly
compact (“not strongly incompact”) cardinals:

For one thing, the belief in the existence of inaccessible cardinals >  (and even of
arbitrarily large cardinals of this kind) seems to be a natural consequence of basic intuitions
underlying the ‘naive’ set theory and referring to what can be called ‘Cantor’s absolute’.
On the contrary, we see at this moment no cogent intuitive reasons which could induce
us to believe in the existence of cardinals > w that are not strongly incompact, or which
at least would make it very plausible that the hypothesis stating the existence of such
cardinals is consistent with familiar axiom systems of set theory.

However, in a contrasting passage he wrote later on the page:

We would of course fully dispose of all the problems involved if we decided to enrich the
axiom system of set theory by including (so to speak, on a permanent basis) a statement
which precludes the existence of ‘very large’ cardinals, e.g. by a statement to the effect
that every cardinal > o is strongly incompact [not weakly compact]. Such a decision,
however, would be contrary to what is regarded by many as one of the main aims of
research in the foundations of set theory, namely the axiomatization of increasingly large
segments of ‘Cantor’s absolute’. Those who share this attitude are always ready to accept
new ‘construction principles’, new axioms securing the existence of new classes of ‘large’
cardinals (provided they appear to be consistent with old axioms), but are not prepared
to accept any axioms precluding the existence of such cardinals — unless this is done on
a strictly temporary basis, for the restricted purpose of facilitating the metamathematical
discussion of some axiom systems of set theory.

Although Tarski’s words are somewhat guarded, the influence of Cantor’s realist
conception, perhaps refined by Godel’s remarks, is evident.

Keisler and Tarski detailed the results and interconnections of the theory to
date in their comprehensive paper [64]. Although they believed that the original
metamathematical methods “provide the intuitive and deductively simplest ap-
proach” to the results, they nevertheless labored with ultrapower proofs to provide
a “purely mathematical treatment”. They continued ([64: 226]):

We have been motivated by the realization of the practical fact that the knowledge of
metamathematics is not sufficiently widespread and may be defective among mathemati-
cians who would otherwise be intensely interested in the topic discussed, and to a certain
extent also by some (irrational) inclination toward puritanism in methods. As will be
seen from the remarks below, we do not feel that we have been entirely successful in our
undertaking.

Indeed, they first established that measurable cardinals are high in the Mahlo
hierarchy using the ultrapower approach evolving from Keisler [62] (see 5.14),
but only sketched the sharper results for weakly compact cardinals because of the
expository difficulties involved. It is never simple to sublimate the satisfaction
relation!
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As large cardinal theory developed, metamathematical methods became basic
to the subject in the interplay of inner models, forcing, and elementary embed-
dings. Symptomatic of this is how the details of structures and satisfaction so
painstakingly set out in the early papers were soon replaced by casual expositions
in informal rigor. With this development the field became an advanced and sophis-
ticated part of the mathematical enterprise with less direct concern for foundational
issues.

The discussion in Keisler-Tarski [64] is framed around the classes Cy, C; and
C, of cardinals that are, respectively, not weakly compact, not measurable, and
not strongly compact. To the set theorist of today, flipping through its pages is a
curious experience, as he repeatedly encounters theorems which he himself would
state in dual or contrapositive form. The several theorems with hypotheses of form
“if C; contains all the cardinals”, while not necessarily espousing these hypotheses
according to the previous Tarski quotation, are at least suggestive of a uniform,
orderly cosmos delimited by pathologies beyond. In the next wave of research
by Gaifman, Rowbottom, Silver, Solovay, Kunen, and others, such universal con-
straints were replaced by existential postulations and positive implications about
the possible new richness of the set-theoretic universe. Perhaps it is a coincidence,
but it was by this time that the terminological move from the half-empty notion
of prime ideal to the half-full dual notion of ultrafilter was completed in model
theory.
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5. Elementary Embeddings

In the early 1960’s set theory was veritably transformed by structural initiatives
based on new possibilities for constructing well-founded models and establish-
ing relative consistency results. This of course was due largely to the creation
of forcing by Cohen, who came upon a remarkably fertile method for producing
extensions of models of set theory. Fine mathematicians like Solovay quickly
perceived the possibilities abounding, and within a few years the method of forc-
ing was systematized, and a cornucopia of relative consistency results was being
produced (§10).

A seminal result of Scott provided the impetus in another direction, the in-
vestigation of elementary embeddings. Scott had begun to work in the 1950’s,
initially with Tarski at Berkeley, on a variety of foundational issues. It is the
nuts and bolts of forcing to establish the relative consistency with ZF of V # L,
but Scott [61] was the first to realize the possibility by showing: If there is a
measurable cardinal, then V # L. The difference is crucial: instead of a relative
consistency result he had established a direct implication from a prior principle. It
was in such ways that Godel’s hopes for large cardinals were to be vindicated; his
axiom V = L had imposed a consistent delimitation on ZFC, and developments
from Scott’s result were to establish the necessity of large cardinals for securing
a real transcendence over L (§9).

Scott’s work began the liberal use of manipulative proper class constructions
in set theory and led to a structural characterization of measurable cardinals via
ultrapowers and elementary embeddings. Setting the stage Keisler [62] (and in full
exposition Keisler-Tarski [64]) had used ultrapowers within set theory to provide
an alternate proof of Hanf’s result 4.6, and Scott then exploited the global approach
of taking an ultrapower of V itself. As with inner models the formalization of
such class concepts requires care:

We first develop the model-theoretic concept of elementary embedding for
structures with possibly proper class domains, remembering that such structures
can be recast as single classes through definability. To review, for structures
Moy = (M, ...) and M; = (My,...) for a language £ an injective function
Jj: My — M, is an elementary embedding of M, into M, denoted j: My < My,

iff it satisfies the elementarity schema: for any formula ¢(vy, ..., v,) of £ and
Xlyeo., Xy € My,
() Mo Eolxr,....x] iff My EeljG), ..., jGa)].

If j is also the identity map on M, then M, is an elementary substructure of
M, denoted My < M. Most structures to be considered will be for some
extension of L¢, the language of set theory. A further specialization is to e-
models, structures of form M = (M, €), usually denoted by just M. If M, and
M, above are both of this form, (x) can be expressed in terms of relativized
formulas of L:
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(%) 2 TR ) /A D [CO R [ )
Similarly, if #(vy,...,v,) is a definable term of L., xi,...,x, € My, and
tMo[xy, ..., x,] € My, then

JEMlxr, D) = M), )]

All this is formalizable for classes in terms of the satisfaction relation for classes,
definable in a theory like Morse-Kelley, but not in ZFC because of the Godel-
Tarski undefinability of truth. However, we will be dealing primarily with set
structures for which the formalization can be carried out, or inner models, for
which a satisfactory approach to formalization is available:

Let j be as specified before (x) with £ an extension of L. Referring to the
Levy hierarchy of formulas (§0),

j is a X,-elementary embedding, denoted j: My <, M,
iff (*) holds for the X, formulas .

If j is also the identity map on My, then M, is a X, -elementary substructure
of My, denoted My <, M. In particular, for any class M, that M <, V
(understood as (M, €) <, (V, €)) is just the assertion that the X, formulas are
absolute for M. Note that j: M, <, M, implies that (x) also holds for the
I1, formulas, and in fact for all Boolean combinations of X, formulas. Also,
if My = (Mg, €), M| = (M, €), My C M, and both are transitive, then
My <o M, since X formulas are absolute for transitive classes.

For any particular integer n, the satisfaction relation for X, formulas for a
transitive proper class structure is formalizable in ZF (§0). Thus, the concept of
X, -elementary embedding is formalizable in ZF even for such classes. Focusing
on inner models, some simple observations can be made using 0.2, according to
which lrank(vo) = v! is A% and TV,, = v, is T,

5.1 Proposition. Suppose that My and M, are inner models and j: My <1 M,.
Then:

(a) For any ordinal a, j(«) is an ordinal > «.

(b) Suppose that j is not the identity, and either My C M, or My = AC.
Then j(§) > 8 for some ordinal §.

(c) For any particular integer n, j: My <, M.

Proof. (a) Being an ordinal is XZF: transitive and linearly ordered by €. That
j (o) > « follows by induction.

(b) Suppose first that M; € M. Let x be of least rank such that j(x) # x,
and set § =rank(x). Note that x C j(x), since y € x implies that y = j(y) € j(x).
Hence, there must be a z € j(x) —x. If rank(j(x)) = &, then since z € M; C M,,
J can be applied to get j(z) = z € j(x), leading to the contradictory z € x.
Hence, rank(j (x)) > &, but also rank(j(x)) = j(§) by 0.2.

Suppose next that My = AC. Assume to the contrary that j(§) = § for every
ordinal 8. Note first that for any set x € M, of ordinals, j(x) is also a set of
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ordinals, and so the argument of the previous paragraph shows that j(x) = x.
How transitive e-models of ZFC are determined by their sets of ordinals is now
exploited:

Suppose that a € M. Let b = tc({a}), the transitive closure of {a} (in V and
hence also in M;). Since M, = AC, there is a bijection e € M, between some
ordinal y and b. Let E € M, be the binary relation on y defined by: (o, 8) € E
iff e() € e(B). Identifying E with a set of ordinals through a pairing function, it
follows from the previous paragraph that j(E) = E. Now the function e verifies
that E is a well-founded relation in V as well as in M. Since every non-empty
subset of y has an E-minimal element in V, this also holds in M, i.e. E is
well-founded in M, as well. The Collapsing Lemma 0.4 can now be applied in
M, as (y, E) is also extensional there, and by uniqueness the transitive collapse
is (b, €) € M;. Since j is X|-elementary, j(E) = E, and (b, €) is the unique
transitive collapse of (y, E) in both M, and M, it follows that j(b) = b. Using
0.2 it then follows that j(a) = a, since a is definable as that member of b of
largest rank. But a € M, was arbitrary, and so j is the identity — a contradiction.

(¢) The proof proceeds by informal induction up to any particular integer: As-
sume that j: My <, M, with n > 1, and suppose that ¢ is X, say vy (v, v1)
where ¢ is I1,, for simplicity, and that x € My. If My = ¢[x], then My = ¥[y, x]
for some y € My. Hence My = ¢ [j(y), j(x)] and so M| = ¢[j(x)].

For the converse, suppose that M| = ¢[j(x)], say M| = ¥ [z, j(x)]. By (a)
there must be an « such that z € Vj}:i‘), and by 0.2, V;]le) = j(VMo). Hence,

M = vy € vay[j(x), j(VI].

(Jvy € vy is a formula in two free variables v, and v, interpreted respectively by
j(x) and j(VM).) But as observed in §0, Jvy € vy is still ITF by applications
of Replacement. Hence,

My = Jvg € vay[x, VM,
and so My = ¢[x]. -

(c) shows that for inner models X'|-elementary embeddings provide an ade-
quate formalization in ZF of the informal concept of elementary embedding, since
in any particular argument only finitely many instances of the elementarity schema
are needed. The argument for (c) works under rather general conditions on ar-
bitrary models of ZF as long as j“On™° is cofinal in On™'; see Gaifman [74],
which provides another approach to formalization in many cases.

Henceforth, with (c¢) in mind but anticipating more general situations,

by elementary embedding between transitive proper class
e-structures is meant X';-elementary embedding .

Also, to avoid trivialities it will be implicit that

elementary embeddings are not the identity on their domains .
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The least ordinal as in 5.1(b) will thus play a critical role: For any j: N — M,
8 = crit(j), the critical point of j, iff é is the least ordinal moved by j .

Generally, elementary embeddings will be handled informally, with remarks
on formalizability in ZFC made only when it may be problematic. Such a circum-
stance involves quantification over proper class elementary embeddings. However,
in each particular case the putative quantification will be one that can be recast as
one over sets. Formalizability is usually a by-product of the developing theory,
and elementary embedding formulations, particularly of strong hypotheses, are
often more perspicuous.

Taking the ultrapower of the universe V by an ultrafilter U over a set S is
our next concern. The general ultraproduct construction was reviewed in §0 and
applied in §4. The first obstacle in formally defining an ultrapower of V is that
for any f: S — V, its U equivalence class

Hluv=1{glgS=>V anlieS|fi)=gl)}el}

is a proper class. However, using a device from Scott [55] let

Ny =1g g€ (NHu AVh(h € (fu — rank(g) < rank(h))}

i.e. those members of (f)y of minimal rank. Then ( f)(l)] is a set, and so the
domain of the ultrapower can be formulated as the class

SVIU=ANy | f:S— V)
definable from U, with its membership relation Ey defined as expected:
(Y Ev )y iff ieS|fG)eg@diel.
The ultrapower can then be defined by:
Ult(V,U) = 5V/U, Ey) .

More generally, if N is an inner model of ZFC and (N, €, U) = U is an ultrafilter
over a set S, an analogous procedure leads to the ultrapower of N by U using
functions in SN N N:

UIt(N,U) = (N/U, Ey) .

It is not necessary to assume that U € N.
Continuing in terms of V, the needed version of Los’s fundamental result
can be established by the usual induction on formula complexity:

5.2 Theorem. For any formula ¢(vy,...,v,) of Lc and fi, ..., fu functions:
S—>V,

UI(V, U) = ol(f)7s - (fY] i (i €S TelfiG),.., O eU . A
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As this depends on the satisfaction relation for proper classes, it cannot be
formulated as a single theorem of ZFC but only as a schema of theorems, one for
each particular ¢.

Finally, a strong hypothesis on U leads to inner models corresponding to
ultrapowers:

5.3 Proposition. U is wi-complete iff Ey is well-founded.

Proof. In the forward direction, if there were a sequence (( f,,)?, | n € w) such
that (frH—l)([)j Ey (fn)([’/ for each n € w, then (N {i € S | fur1() € fu(D)} # 0
would lead to an infinite descending €-sequence of sets.

Conversely, if there were sets {X, | n € w} C U yet [
define g;: S — V for each k € w by:

X, € U, then

new

) n—k if ie(,.,Xn) —Xpandn >k,
gk(i) = .
0 otherwise .
Then {i € S| gr1() € gr(D)} 2 ﬂmfk X — (Nyew Xn € U for k € w, and so
((82)? | n € w) confirms that Ey is ill-founded. -

In connection with the Collapsing Lemma 0.4 note that Ey is set-like: Sup-
pose that ()Y, Ey (f)?), and let gy € (g)?,. Define g;: S — V by

{go(i) if go(@i) € f(@),
otherwise .

Then g; € (g)(L’, and rank(g;) < rank(f). Hence, rank((g)?]) <rank(f)+ 1, and
) {(8)(1)1 | (g)(z)/ Ey (f)?/} C Viank(f)+2 and is therefore a set.

If U is w;-complete, it thus follows from 5.3 and 0.4 that there is a transitive
class My and an isomorphism

g1i) =

my: Ut(V,U) — (My, €) .

It is immediate from Lo$’s theorem 5.2 that My, is an inner model of ZFC. Hence-
forth to be used is the preferred notation

[flv =7nu((f)}) for f: S —V,

emphasizing that f represents the set [ f]y in the inner model My. That f need
only be defined on a set X C § in U will often be used without further mention.
Finally, for any set x let f, be the constant function: S — {x}. Then setting

Jux)=1[f]u for xeV,

ju: V < My by 5.2, the usual canonical embedding into the ultrapower modulated
by its transitive collapse. The situation will usually be summed up by

jui V< My = UV, U) .
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More generally, if N is an inner model of ZFC, (N, €, U) = U is an ultrafilter
over a set S, and U is w;-complete (in V), then an analogous procedure using
functions in SN N N leads to

jUZ N <MU gUlt(N, U) .

Again, it is not necessary to assume that U € N. Subscripts will usually be
suppressed when clear from the context.
With these preliminaries, we can turn at last to measurable cardinals:

5.4 Proposition. Suppose that U is a k-complete ultrafilter over a measurable
cardinal k with corresponding embedding j: V < M = Ult(V, U). Then crit(j) =
K.

Proof. First observe that j(«) = « for every o < k: If not, let « < k be the
least such that j(@) > . If [f] = «, then {§ <k | f(§) < a} € U, and so by
k-completeness there is a 8 < « such that {§ < « | f(§) = B} € U. But then,
[f1=j(B) = B is a contradiction.

Next, since U is k-complete, it contains no bounded subsets of . So, with
id: k¥ — k the identity map on «, for any @ <k, {§ | @ <& <k} € U implies
that « = j () < [id] < j(x). Hence, k < [id] < j(x), and x = crit(j). —

Here is Scott’s original argument, which builds on the Keisler [62] ultraprod-
uct proof of the Hanf-Tarski result.

5.5 Corollary (Scott [61]). If there is a measurable cardinal, then V # L.

Proof. Building on 5.4 suppose that « is the least measurable cardinal, and assume
to the contrary that V = L. Then M € L, so M = L. But also by elementarity,
(j(k) is the least measurable cardinal)™, contradicting j(x) > . —

The following result is a converse to 5.4, and was first noticed in a local
form.

5.6 Theorem (Keisler [62a]). If there is an elementary embedding j: V < M for
some inner model M, then its critical point is a measurable cardinal.

Proof. Set § = crit(j). Then § > w since every ordinal < w is definable and j is
elementary. Now define U by:

XeU iff XC8 A SejX).

The proof is completed by showing that U is a (non-principal) §-complete ultrafilter
over 6. (This in particular implies that § is regular and hence a cardinal.) Note
first that § € U, yet o < § implies that {«} & U since j({a}) = {a}. To check that
U is an ultrafilter is straightforward. Finally, to verify §-completeness, suppose
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that y < d and X € YU. Then § € [{j(X(a)) | « < y}. But since j(a) = «
for @ < y, j(X) is a function with domain y such that j(X)(x) = j(X(x)) for
every o < y. Hence,

J(HX @ a<yh =X (@) |a<y}=jX (@) |a<vy},
and so (J{X () | <y} eU. —

Since the quantifier 3 over classes j cannot be formalized in ZFC, 5.6 can
only be regarded as a schema of theorems, one for each j, or else be formalized
with V replaced by a V,, with o > crit(j) as indeed was Keisler’s approach. In
any case, measurable cardinals exist exactly when there are non-trivial elementary
embeddings of (initial segments of) the universe. Consequently, if the investigation
of well-founded models of set theory is to move beyond restrictions via inner
models and extensions via forcing and to comprehend elementary embeddings,
then measurable cardinals become intrinsically necessary.

The proof of 5.6 shows how critical points of elementary embeddings can be
used like principal generators for ultrafilters, which in turn lead to ultrapowers and
elementary embeddings. Not every elementary embedding is an ultrapower embed-
ding (as will become clear in subsequent sections), and the switch to ultrapowers
has definite advantages since the concrete structure yields more information:

5.7 Proposition. Suppose that U is a x-complete ultrafilter over k > w and
j: V<M =UI(V, U) the corresponding embedding. Then:

(a) j(x) = x for every x € Vi, and so VM = V,.; j(X) NV, = X for every
X C V., and so VKAf’H = Vey1, and k™ =t

() 2 < 29 < j) < 2.

(c) If 0 is a strong limit cardinal of cofinality # «, then j(6) = 0.

(d)“M C M yet M Z M, i.e. M is closed under the taking of arbitrary
Kk-sequences, but not of arbitrary k" -sequences.

(e) U & M.

Proof. (a) The first assertion follows from 5.4 and the rank argument for 5.1(b);
the rest follow in sequence, with k™" = k* a consequence of M containing every
well-ordering of «.

(b) 2¢ < 2)™ since P(xk)” = P(k) by (@) and M C V. 2°)™ < j (k) since
j (k) is inaccessible in M. Finally, j(x) = {[f] | f € “«} so that j(k) < 2)*.

(c) It suffices to take 8 > «, suppose that [ f] < j(6), and then show that
[f] < 6: We can assume that f(£) < 6 for every £ < «, and so since cf(9) # «,
there is an @ < 0 such that {£§ <« | f(§) <a} € U. (If cf(#) < «, this follows
from x-completeness, and if ¢f(0) > k, we could take o = sup(ran(f)).) Thus,

[f1=j()={lg]]| g€ a}l<b

as 0 is a strong limit.
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(d) Suppose that {[f,] | « < k} € M; a g: k — V must be found so that
[g] = ([fe] | @ < k). Let h: k — k be so that [h] = x. For each & < «, let
g(&) be that function with domain A (&) satisfying (g(§))(@) = f,(£). By the
Los theorem 5.2, [g] is a function with domain [k] = «, and for each @ < «,
[81(e) = [fal-

The second assertion will be established by showing that j“«™ & M: j“«*
is cofinal in j(x%), for if [ f] < j(k™), we can assume that f(§) < k™ for every
& < k, take @ = sup(ran(f)) < k™, and see that [f] < j(a). But j“«* has
ordertype «+, which by (b) is less than j(k ™), and so j“«* € M would contradict
M k= j (k™) is regular.

(e) “6 = (k)M € M by (a). If U € M, then the map sending f € “«
to [f] would also be in M. But then, j(k) < (2€)™ by the argument for (b),
contradicting the inaccessibility of j(x) in M. =

The point of (c) is that there is a definable, proper class of ordinals fixed by
j. (b) or (e) imply that M # V, so that there can be no ultrapower embedding:
V < V; In fact, there can be no embedding: V < V of any sort (23.12), and this
was to be a watershed for the overall theory. That VKAil = V,4+1 leads to a striking
observation about how the measurability of « controls the size of 2*:

5.8 Corollary (Scott). If « is measurable and 2* = o for every o < k, then
2% =t
Proof. With j: V < M = Ult(V, U) as before, k < j(x) and elementarity implies
that ()M = x+M_ But then, 2 < Q)M = k™M = ¢+, -
Similarly, if k is measurable and 2% < a™™ for every a < «, then 2 < ™+,
and so forth. Actually getting a measurable cardinal « satisfying 2 > «™* turned
out to require strong hypotheses, and the investigation of this possibility was to
lead to the development of important new forcing techniques (see volume II).
The Czech mathematician Petr Vopénka [62] independently derived Scott’s
result 5.5 from a difference in cardinal arithmetic between V and M as for 5.7(b),
since j(k) is inaccessible in M. Vopénka and his student Karel Hrbacek then
established a global generalization of Scott’s result for the inner models L(A)
defined in §3:

5.9 Theorem (Vopénka-Hrbacek [66]). If there is a strongly compact cardinal,
then V # L(A) for any set A.

Proof. Suppose that k is strongly compact, and assume to the contrary that V =
L(A) for some set A, which we can take to be transitive. Set A = max({«, |A|}D)T.
By 4.1, the k-complete filter generated by {{§ | « < & < A} | @ < A} can be
extended to a x-complete ultrafilter U over A. Let

J:V<MZURV,U) with M ={[f]| f: A > V}

as usual.
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Now let Ult™ (V, U) be that substructure of Ult(V, U) with domain consist-
ing only of those equivalence classes containing functions f: A — V such that
[ran(f)| < A. Lo$’s Theorem also holds for Ult™(V, U): For the induction step
to the existential quantifier, note that if

la <A Fvuelfi@), ..., fulw]} e U,

where each |ran(f;)| < A, then there are less than A n-tuples (fi(®), ..., fu(®))
involved, and so there is a g: A — V with |ran(g)| < XA such that

{o <2 | olfil@), ..., fule), g@)]} €U .
Ult™ (V, U) is well-founded, so let N be its transitive collapse and
k:V<NZ=ULt (V,U).

For f: . — V with |ran(f)| < A let [ f]~ denote that element of N corresponding
to the equivalence class of f in Ult™ (V, U). Next, let i: N — M be defined by
i([f17) = [f]; it is readily seen that this definition does not depend on the choice
of f representing [ f]~. Then:

(1) i is elementary, and j =i ok .
(i1) i(x) = «a for every o < k(X), and i (k(A)) = k(A) .
(1) k(A) = sup({k(e) | @ < A}) <[id] < j(r), where id: A — A is the
identity map on A .

For (ii) it can in fact be proved by induction on € that [ f]~ = [f] for any f
such that the transitive closure of ran(f) has cardinality less than A. For (iii)
the equality follows from the observation that if {§ < A | g(§) < A} € U and
[ran(g)| < A, then {§ < A | g(§) < a} € U for some o < A by the regularity of
A; the rest follows as for 5.4.

A contradiction can now be derived as follows: Since V is the class L(A)
definable from A and k is elementary, N is the class L(k(A))" definable from
k(A). It follows from 3.2(a) that N = L(k(A))Y = L(k(A)). Similarly, since i
is elementary and i(k(A)) = k(A), M = L(k(A)) = N. Now A is a successor
cardinal, say of Ag. So in M, j(A) is the successor of j(Ag) and in N, k(}) is
the successor of k(Xg). But k(hg) = i(k(A9)) = j(Ao) by (ii), so M = N implies
that k() = j(A). This contradicts (iii). -

Normality

Scott devised a further means of extracting information from the ultrapower con-
struction, particularly about reflection phenomena at measurable cardinals. The
key concept that he isolated has a combinatorial formulation in terms of filters.
For a filter F over A,

F is normal iff for any (X, | a < L) € *F its diagonal intersection
Aa<AXa={‘§ <A |$ema<§Xa}eF-
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A filter over a cardinal A contains the final segments {§ | @« < & < A} for
every a < A by a §0 convention. By setting X, = A for « sufficiently large it
follows that normality subsumes A-completeness. Also, the diagonal intersection
of (fmew|n+1<m}|new)is empty. Hence, if there is a normal filter
over A, then A is regular and uncountable. For such A, the closed unbounded filter
C,. is normal (0.1(b)). Oswald Veblen [08] first took the diagonal intersection of
closed unbounded sets, although he did so only in the special case of (Cy | o < A)
where for each 0 <o < A, § € C, iff £ is a limit point of Cg for every < o.
That Fodor’s regressive function lemma 0.1(c) is just a dual formulation was soon
realized as a general and useful fact about normal filters. For a filter F over a set
Sand X €S, X is F-stationary iff X N Z # () for every Z € F.

5.10 Exercise. A filter F over X is normal iff for any F-stationary X and regressive
f: X — X there is an a < A such that f~'({a}) is F-stationary in X.

Hint. In the forward direction, if for every o < A, f~'({a}) is not F-stationary
so that A — f~'({a}) € F, then X N Aqos (A — F ' ({a})) = 0.

Conversely, if (X, | @ < A) € *F yet Ay, X, € F, then A — Ay, X, is
F-stationary. Define f on this set by: f(&) = least « such that £ ¢ X,. Then f
is regressive, yet f~!({a}) N X, = @ for every a < A. —

It follows that any normal filter over )\ extends C;.: If C is closed unbounded
in A, then f(§) = sup(C N &) < & whenever &€ ¢ C U {0}, yet for each o <
M AE | f(§) = a} is a bounded subset of A.

In the first result 5.4 about measurable cardinals and ultrapowers the identity
map id: k — « had been used as a convenience. Scott saw that significant results
can be derived by making it a focus of attention:

5.11 Exercise (Scott — Keisler-Tarski [64:244]). For a k-complete ultrafilter U
over k > w the following are equivalent:

(a) U is normal.

(b) Whenever f € “k and (& <« | f(§) < &} € U, thereis an o« < k such
that {§ <k | f(§) =a} e U.

(c) [id]y = k, where id: k — « is the identity map on k.

Hint. The equivalence of (a) and (b) follows from 5.10. =
5.12 Exercise (Scott — Keisler-Tarski [64:241]). If « is measurable, then there is
a normal ultrafilter over k.

Hint. Suppose that U is any «-complete ultrafilter over «, and f € “k satisfies
[flv = k. Then

XCk|f'(X)eU}

is a normal ultrafilter over «. —
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Thus, any «-complete ultrafilter can be “normalized” by a simple projection
process. The proof of 5.6 provided a canonical way of defining an ultrafilter from
an elementary embedding; it is simple to check that the ultrafilter U defined in the
proof of 5.6 is normal. Normality leads to simple but informative properties about
the corresponding ultrapower that foreshadow later work:

5.13 Proposition. Suppose that U is a normal ultrafilter over k. Then:

@ My ={ju(H) | f:x—> V}

(b) If U had been defined as for 5.6 from a j: V < M with critical point
K, then there is an elementary embedding k: My < M such that k o jy = j.
Moreover, if j = jy for some normal ultrafilter N over «, then U = N and so k
is the identity.

Proof. (a) If x € My, then x = [ f]y for some f: x — V. But then, by 5.11(c),
Ju() ) = ju(Hidly) = [f]lu, since the last equality is just a schizophrenic
translation of {§ <« | f(§) = f(§)} e U.

(b) Define k: My — M by k([flu) = j(f)(x). Then for any formula
o1, ..., V),

My = ollfdu. - [lu]l i & <kl elfi6)..... u®l eU
i M Eoelj(fk), ..., j(fi) )]

by the definition of U. Hence, k is elementary, and that k o j; = j is clear.
If j = jy where N is a normal ultrafilter over «, then for any X C «,

XeU iff ckejnX) iff <k |&EeX}=X€eN

by the normality of N. —

(a) asserts that My is a simple closure of the minimal information
{ju(H) | fik — V}U{k}, and (b), that My is minimal in a natural sense
among inner models provided by elementary embeddings. From another van-
tage point, that [id]y = « leads to rather pathological consequences about
U that belie the term normal. For example, since V.o, € My by 5.7(a),
My = «k = [id]y is inaccessible. Hence, the sparse set {¢ < « | « is inaccessible}
is in U even though ultrafilters intuitively consist of large sets. Moreover,
as a model for arguments with weakly compact cardinals Keisler-Tarski [64]
showed that normal ultrafilters are closed under Mahlo’s operation M(X) = {« €
X | X N is stationary in «}. A short model-theoretic proof is given here; the
original proof was later adapted to a more general setting by Solovay (16.8(c)).

5.14 Proposition (Keisler-Tarski [64: 248]). Suppose that U is a normal ultrafilter
over k. If S C « is stationary in k, then

{a <k | SNa is stationary in w} € U .

Hence, if X € U, then M(X) € U.
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Proof- By 5.7(a), ju(S) Nk = S and so jy(S) Nk is stationary in x in My. Since
[id]y = «, it follows that {&« < x | SN« is stationary in o} € U. The second
assertion follows since normal filters contain every closed unbounded set, and so
any X € U is stationary. —

More can be said outright using a further reflection argument:

5.15 Proposition. If U is a normal ultrafilter over «, then
{o <« | a is weakly compact} € U .

Proof. 1Tt suffices to show that « is weakly compact in My. Since weak com-
pactness is characterized by the Extension Property of 4.5, « has this property,
and it suffices to check that « has this property in My. But if R C V,, there
is a transitive X # V, and an S C X such that (V,, €, R) < (X, €, §) exactly
when there is such an X satisfying | X| = «, by the Lowenheim-Skolem Theorem
0.5. Hence, there is such a structure (X, €, S) coded as a subset of V. Also, the
appropriate satisfaction relation can be coded as a subset of V.. But V| C My,
and so the proof is complete. =

Hence, the weak compactness of a measurable cardinal « reflects, and « is
the «th weakly compact cardinal. This was first established by Hanf and Scott
(6.5). As expected, there is a limit to this sort of reflection:

5.16 Proposition (Solovay). For any measurable cardinal «k, there is a normal
ultrafilter U over k such that

{a < k| a is not measurable} € U .

Proof. Proceeding by induction let k be measurable, U a normal ultrafilter over
k, and set A = {@¢ < k | « is measurable}. If A ¢ U, then we are done.
Otherwise, for each « € A inductively let U, be a normal ultrafilter over @ such
that AN« ¢ U,. Define W over k by:

XeWiff XCk An{aeA|XNa eU,}eU.

It is simple to check that W is a normal ultrafilter over « such that A ¢ W.

Finally, Scott’s original proof of 5.8, implicit in Hanf-Scott [61], is given for
which a weaker hypothesis suffices:

5.17 Proposition (Scott). If there is a normal ultrafilter U over x such that
(o <k |2%=a™} e U, then 2 = «™.

Proof. Since [id]y = «, 2°)Mv = x*Mv, and the argument can be completed as
for 5.8. g
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This argument was first published in Vopénka [65], which also noted that if
{o <k | 2% <att} e U, then 2 < k™, and so forth.

Combinatorial features of the use of normality eventually emerged in gener-
alizations, and besides having combinatorial ramifications normality was to play
a crucial role in the structural investigation of inner models of large cardinals
(§§19,20). All in all, it is remarkable that a combinatorial contingency noticed by
Ulam in his salad days in Lwow should emerge so transfigured by the infusion of
ultrapowers and normality.
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6. Indescribability

The formalization of reflection properties was one of the early developments in
the increasing reliance on model-theoretic approaches in set theory. After Richard
Montague [55,61] studied reflection phenomena and showed that ZFC is not
finitely axiomatizable in a strong sense, Levy [60a] established their broader sig-
nificance and the close involvement of the Mahlo hierarchy. Then Hanf-Scott [61]
postulated reflection properties directly for structures (V,, €, R) where R C V,
in terms of higher-order languages. They showed that this generalization in the
direction of higher types rather than infinitely long formulas results in a schematic
approach to comparing large cardinals by size, and moreover provides a nice
characterization of weak compactness. The theory was further elaborated by Levy
[71], and led in the 1970’s to important analogues in the theory of admissible sets
and inductive definitions.

Levy’s initial observations lay the groundwork. The following lemma illus-
trates the contemporary importance of closed unbounded sets owing to the infusion
of model-theoretic techniques:

6.1 Lemma. Suppose that « is inaccessible and R C V.. Then
la <k | (Vo,€, RNVy) < (Vie, €, R)}

is closed unbounded in «.

Proof. That this set is closed is immediate. To show that it is unbounded, let « < «
be arbitrary. Define «,, < « for n € w by recursion as follows: Set oy = «. Given
a, < k define ;4 to be the least § > «, such that whenever yi, ...,y € V,,
and (Vi, €, R) = Jvo@[y1, ..., y] for some formula ¢, there is an x € Vg such
that (Vi., €, R) &= ¢[x, y1,..., ). Since k is inaccessible, |V,,| < « and so
a4 < k. Finally, set @« = sup({a,, | n € w}). Then (V,, €, RNV,) < (Vi, €, R)
by the usual (Tarski) criterion for elementary substructure. =

The first part of the next proposition recalls 1.3, and is really a synoptic
version.

6.2 Proposition (Levy [60a]).

(a) k is inaccessible iff for any R C V, there is an « < k such that
(Vu, €, RNV, < (V,, €, R).

(b) k is Mahlo iff for any R C V, there is an inaccessible cardinal o < k
such that (V,, e, RNV,) < (V,, €, R).

Proof. The forward directions are immediate by 6.1. For the converses, it is
simple to see that k > w. Note that « is regular: If not, there would be a § < k
and a function F: 8 — k with range unbounded in k. Set R = {8} U F. By
hypothesis there is an @ < « such that (V,, €, RN V,) < (V,, €, R). Since B is
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the single ordinal in R, B € V, by elementarity. But this is a contradiction since
the domain of F NV, cannot be all of 8.

Next, « is a strong limit: If not, there would be a A < « such that 2* > «.
Let G: P(A) — « be surjective and set R = {A 4+ 1} U G. By hypothesis, there is
an o < k such that (V,, e, RNV,) < (V,,€,R). A+ 1€V, and so P(L) € V,,
but this is a contradiction as before.

Finally, for (b) « is Mahlo: If not, there would be a C closed unbounded
in k containing no inaccessible cardinals. By the hypothesis from (b) there is an
inaccessible @ < k such that (V,, €, CNV,) < (V,, €, C). By elementarity C N«
is unbounded in «. But then, o € C, which is a contradiction. —

The Reflection Principle for ZF of Montague [61] and Levy [60a] asserts that
for any formula ¢(vy, ..., v,) and any B, there is a limit ordinal o« > 8 such that
for any xy, ..., x, € V,,

olx1, ..., x,] Gff (pV"[xl, ey Xal

This principle is implicit in remarks of Godel made in 1946 (see Godel [90: 146]).
Classes R can be incorporated through their definitions to achieve a certain re-
semblance to the latter part of 6.2(a) with V replacing V,, but there are crucial
differences: Only one formula can be reflected, not all formulas as with elemen-
tary substructures; indeed, the arithmetization of syntax cannot be completed in
ZF to find an « such that V,, < V because of the undefinability of truth. Also,
arbitrary R C V, are allowed in 6.2(a); this incorporates a bit of second-order
logic to attain the requisite strength (cf. 1.3 and the discussion before).

Levy [60a:234] observed that the Reflection Principle is equivalent to the
Axiom of Infinity and the Replacement Schema in the presence of the other ZF
axioms. Asserting this principle within some V, with arbitrary R € V| necessitates
the inaccessibility of « by the proof of 6.2(a). Next consider the reflection of V to
a V, for o inaccessible; asserting this new principle within some V, with arbitrary
R C V, necessitates the Mahloness of « by the proof of 6.2(b), and so forth. This
is reflecting reflection: a reflection scheme is first formulated and then is itself
reflected! In this way Levy developed a hierarchy of set theories that correspond
to the o-Mahlo cardinals and showed how the iterative formalization of reflection
illuminates Mahlo’s original scheme, formulated half a century before.

The formulations of Hanf and Scott using higher-order languages are the main
topics of this section. The I1)" and X" formulas for m, n € @ were described in
§0; for Q either T or X7,

k is Q-indescribable iff for any R C V, and Q sentence ¢
such that (V,, €, R) = ¢, there is
an o < k such that (V,, €, RNV,) E¢.

Over structures of form (V,, €, R) with « a limit and R C V,, every higher-order
formula is equivalent by standard means to a [7)" or X" formula for some m and
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n with blocks of like quantifiers contracted into one. Including arbitrary R C V,
bolsters the theory with nice consequences, although the subject can be pursued
without the R’s (cf. 6.9). As V, is closed under pairing, the definition is equivalent
to one where R is replaced by any finite number of finitary relations; this will
often be invoked in what follows.

Extensions of the definition can be pursued using transfinite types, as was
done by Jensen (see Drake [74: 284ff]). Although there may be a traditional bias
for finite types in language, several indescribability results have sweeping proofs
that accommodate stronger modes of expressibility. However, as for the Mahlo
hierarchy transfinite types may lead to larger cardinals, but not to a qualitative
transcendence. So, the following weak overall notion is adopted, keeping in mind
that stronger indescribability properties are often derivable:

Kk s totally indescribable iff « is I1)'-indescribable for every m,n € w .

Following upon Levy [60a], Bernays [61] postulated the full second-order
reflection principle for the universe of sets, which amounts to ascribing I7!-
indescribability to On for every n € w. Pursuing his second-order approach
to set theory he showed that his principle implies the Global Axiom of Choice:
There is a class function F such that for any non-empty set x, F(x) € x. These
investigations have been continued by Rolando Chuaqui [78, 81].

Turning to the subject at hand, some observations are first made for the case
m=1:

6.3 Proposition.
(@) For any n, k is X y1-indescribable iff « is I!-indescribable.
(b) k is 211 -indescribable iff « is inaccessible.

Proof. (a) In the substantive direction, suppose that R € V, and (V,, €, R) &=
IX¢(X) say, where X is type 2 and ¢ is IT!. So, there is an S C V, such that
(Ve, €, R) = ¢[S]. But then, X can be replaced in ¢ by a new predicate symbol
and 17,} -indescribability applied to (V,, €, R, S).

(b) This follows by reducing to first-order formulas by (a) and using the
arguments for 6.2(a). =

What about IT 11 -indescribability? Hanf and Scott found that it provides a nice
characterization:

6.4 Theorem (Hanf-Scott [61]). « is 1711 -indescribable iff « is weakly compact.

Proof. We can argue in terms of the 4.5 characterization of weak compactness
in terms of the Extension Property. For this purpose, suppose first that « is
inaccessible and R C V,. If there is a transitive X # V, and an S € X such
that (V, €, R) < (X, €, S), then there is such an X satisfying | X| = |V, | by the
Lowenheim-Skolem Theorem 0.5. Using an injection of X into V,, this in turn
amounts to asserting that there is an A C V,. coding a structure (Y, E, T) with E
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a binary relation satisfying the hypotheses of the Collapsing Lemma 0.4, and a
proper elementary embedding J: (V,, €, R) — (Y, E, T). That E is well-founded
is a first-order assertion in (V,, €, E) saying that there are no infinite £-descending
sequences, since “V, C V, by the inaccessibility of x. That J is elementary is
expressible in terms of the satisfaction relation, formalizable as usual through the
existence of a satisfaction sequence K defined by recursion on formula complexity.
Thus, when properly formalized the Extension Property holds for R C V, exactly
when (V,, €, R) satisfies a Ell sentence 3A3J3IK p where p is first-order.

Suppose now that « is Hll-indescribable. Then « is inaccessible by 6.3.
Assume to the contrary that the Extension Property fails for some R C V,.. Then
(Ve,€,R) =0 fora Il 11 sentence o equivalent to the negation of the X 11 sentence
above. It is simple to devise a 1711 sentence T such that (Vs,€) = 7 iff 6 is
inaccessible. Finally, by 6.1,

C={B<k| (Vs RNVg) < (Ve,E R)}

is closed unbounded in «, and so (V,, €, R,C) = v, where y is a first-order
sentence asserting that C is closed unbounded.
By I1]-indescribability there is an « < « satisfying

(Vo &, RNV, CNV) EG ATAY

so that in particular « is inaccessible and @ € C. By an iterated Skolem hull
argument, there is an (X, €, Sy) < (Vi, €, R) such that: X, is transitive, V,, is a
proper subset of X, and |X,| = |V,|. Having arranged o € C, (V,, €, RNV,) <
(Xq, €, Sg). But this contradicts (V,, €, RNV,) Eo.

For the converse, suppose that « is weakly compact and (V,, €, R) = ¢
where ¢ is IT 11. By the Extension Property there is a transitive X # V, and an
S C X such that (V,, €, R) < (X, €, §). In particular, (X, €) is a transitive model
of ZFC with k € X, and so VX = V, € X. Since the only type 2 quantifiers of ¢
are universal and persist downward when there are possibly fewer subsets of the
domain,

(X,€,8) FIa((Vo, €, 5N Vo) E @),

since « is such an @ and S NV, = R. This sentence is first-order, so also holds
in (V,, €, R) by elementarity. Since « is inaccessible, this means that there really
is an o < « such that (V,, €, RN V,) E ¢, and the proof is complete. —

This is a subtle phenomenon: the equivalence of an existential extension
property and a universal reflection property. Results like 4.7 on the size of weakly
compact cardinals in terms of the Mahlo hierarchy can also be derived via I7}-
indescribability.

Finally, Hanf and Scott made a general statement about reflection at a mea-
surable cardinal that subsumes 5.14 and 5.15:
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6.5 Proposition (Hanf-Scott [61]). Measurable cardinals are le—indescribable.
Moreover, if U is a normal ultrafilter over k, R C V,, and (V,, €, R) |= ¢ where
@ is IT?, then

{a <k | (Vo, €&, RNV, EpleU.

Proof. Let j: V < M = Ult(V,U). Vi1 © M by 5.7(a), so that second-order
sentences about (V,, €) are absolute between V and M. But since the only type 3
quantifiers of ¢ are universal and persist downward when there are possibly fewer
subsets of V.1, ((Vi, €, R) = ¢)™. The result now follows by normality since
j(R)NV,=R. -

Kunen (see Solovay [71] or Fremlin [93]) established a kind of IT2-indescrib-
ability for real-valued measurable cardinals, which for instance has the following
application: If k < 2™ is real-valued measurable, then there is a non-Lebesgue
measurable set of reals of cardinality less than . Also, Kunen [71] considered
a weak version of indescribability that does not entail inaccessibility, and ob-
tained results below 2™. (The formulation of Hanf-Scott [61] had actually been
in terms of the weak version, with the inaccessibility of x an ambient hypothe-
sis.)

There is a X7 description over (V,, €) of the measurability of «, asserting
U € P?(k) satisfying a second-order formula. 6.5 is hence the best possible in
the sense that the least measurable cardinal is not Elz-indescribable. However:

6.6 Proposition (Vaught [63a]). If « is measurable and U is a normal ultrafilter
over K, then
{0 < k| « is totally indescribable} € U .

Proof Let j: V < M = Ult(V, U). By normality it suffices to show that M =
k is totally indescribable. The following argument imposes little restriction on the
complexity of ¢: Suppose that

MERCV. AV, €,R) E9).

Then
METa < jk)({(Va, €, J(R)NV,) E o),

since x is such an @ and j(R) NV, = R. By elementarity,
do <k((Vo, €&, RNV =0,

and this then holds in M as well, since VM = V,. —

Hence, there are many cardinals below the least measurable cardinal « that
may have stronger reflection properties than « itself. On the other hand, unlike
measurability I1)"-indescribability is compatible with V = L. The argument
appeals to specific properties of L, unlike the relativization of w-inaccessible and
a-Mahlo cardinals to inner models (3.1):
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6.7 Theorem. Suppose that Q is either I1" or X" with either m > 1 or else
m=1and n > 0, and « is Q-indescribable. Then (x is Q-indescribable)’. In
particular, if «k is weakly compact, then (k is weakly compact)’.

Proof. For only this proof let 87 denote the first cardinal greater than § and
87 the ith cardinal greater than § in the sense of L. It is first shown that for
0 < i < o and inaccessible A, to each [I] (resp. X7) formula ¢(X;,..., X,)
for s > 0 a 1™ (resp. X7 formula ¢(Y1, ..., Y,) can be associated where
type(Yy) = type(Xy) +i for 1 < k < t, and to each A € P/(L;+0») for j € w
(allowing PO(L;+0) = Ly+0) aset A € P/ (V;) = V,,;1; can be associated
so that

(%) Livo E¢lAr, ..., A iff Vil @lAr, ..., A].

Although this will only be needed for » = 0 and ¢ a sentence, the complexity
must be maintained for the inductive argument.

For the case i = 1, let oy be the sentence of 3.3(a) so that for any transitive
set model N of 0y, N = L, for some «. By the proof of GCH in L, if A € L;+,
A € L, for some y < A*. Since |L, | < A, this amounts to the assertion: There is
a B C V, and E a binary relation on B satisfying the hypotheses of the Collapsing
Lemma 0.4 such that (B, E) = oy, and for that map H inductively defined by
H(x) = {H(y) | y E x} as in that lemma’s proof there is a z € B such that
H(z) = A. Coding (B, E, z) as a subset A of V;, this assertion is formalizable as
a X| formula ¥ (Y) over V; with A interpreting type 2 variable ¥ by the argument
of the first paragraph of the proof of 6.4.

Proceed now by recursion to define ¢ for first-order ¢: For atomic formulas,
if Aj, Ay € L;+, both A} € A, and A; = A, can be rendered as 211 assertions

over V, about Al and Az using the ¢ above. If ¢ is 3X¢y(X, X1, ..., X;) and
oo (Y, Yy, ..., Y;) corresponds to ¢y, then
Ly+ E@[Al, ..., A] iff Ly+ = @olA, Ay, ..., A;] for some A € L;~+
iff Vi e ¢0[A, Ay, ..., A by induction

iff Vi EIY W AG)AL ..., Al

Hence, ¢ can be taken to be IY (¥ A @), observing that if ¢ is X0, then ¢ is
X! by induction. The sentential connectives are immediate, and so the argument
is complete for first-order ¢. For higher-order ¢, corresponding sets A can be
recursively associated with sets A in a straightforward manner. This completes
the case i = 1.

For i > 1, proceed by induction: Using the i = 1 argument with Lj;+a+n
replacing L;+ and L,+» replacing V,, first translate down from L;+i+1) to Ly+a;
then use the induction hypothesis to translate down to V,. This is where the
general r is needed. The translation down from Lj+i+» to Ly+» involves one new
difficulty: For the V, case, the first-order expressibility of the well-foundedness
of E depended on ®V; C V, as in the cited proof of 6.4. In the current situation,
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only “Ly+&» N L € L;+o» is known from the proof of GCH in L. However,
this suffices by a basic fact about inner models and well-foundedness: First, for
A € Ly+i+n, A € L, for some y satisfying |L, |* < A™®, so that we can assume
that the corresponding E € L,+». Now if E is well-founded in L, then E is
well-founded in V by absoluteness (0.3). Hence, it is enough to assert that there
are no infinite E-descending sequences in L, and for this “L;+o» N L C Lj+a
suffices.

Proceeding toward the main argument for the theorem, note that if X is inac-
cessible, then it is inaccessible in L and so (V)Y = L; by 1.2(a) and induction
on rank. For reflecting down to such a situation, note (as for 6.4) that there is a
1'[11 sentence T such that Vs =t iff § is inaccessible.

Finally, suppose that « is I1)"-indescribable with m, n as hypothesized. (The
XM case is analogous, with the special X case following separately from 6.3(b).)
To verify I1)'-indescribability in L, note first that by the inaccessibility of «,
(VOE = L,. So assume that

ReP(L)NL and (L, €, R) = @o)*

where ¢ is [1)}. By the proof of GCH in L, P(L,) "L < L,+ and inductively
PI(L)NL C Lg+o for each i € w. Hence, our assertion can be rendered as

(Lo, €, R) E @1,

where ¢ is a IT? sentence corresponding to ¢g. By previous remarks, this in turn
translates to

(Ve, &, R) = ¢

where ¢, is I1)". The result now follows by reflecting ¢; A T down to an o < «
and translating backwards to get

(Lo, €, RN Ly) = go)" . 8

The following result on universal formulas is a routine application of the
satisfaction relation. (See Levy [71:208], Drake [74:272], or Devlin [75: 96ff] for
details.)

6.8 Proposition. For any m,n > 0 there is a II' formula y,,, (X, Y) with X type
2 and Y type 1 such that: for any II" formula ¢(X) there is a k € w such that
for any limit ordinal o and R C 'V,

(Va, €) E @[R] iff (Va, €) = YmalR, k]

/

There is an X" formula v, (X, Y) with the analogous property for X" formulas
P(X). =

A shift from a unary predicate to a type 2 variable was made to get the
following corollary:
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6.9 Corollary.
(a) For any n there is a H;H sentence X1, such that for any «,

(Ve, €) = x1n iff « is IT!-indescribable .

(By 6.3 this subsumes the X cases.)
(b) If m > 1, for any n > 0 there is a I1)' sentence X, such that for any «k,

(V. €) = Xmn iff « is X)"-indescribable .

There is a X! sentence that similarly characterizes I -indescribability.

Proof. (a) For n =0, let x;9 be any IT 1‘ description of inaccessibility. For n > 0,
in terms of v, from 6.8 let x;, be

VXVY (Y1, (X,Y) > Ja > O( is a limit A (V,,€) E¥,(X NV, Y))),

appropriately formalized with the satisfaction relation for sets. Because of the VX
and the occurrence of v¥1,,(X, Y) to the left of — this is H;H'
(b) This is like (a), except that for m > 1 the VX can be subsumed in the

prenexing procedure for classifying the resulting formula. =
Set
m," = least IT"-indescribable cardinal , and
o," = least X,"-indescribable cardinal ,

with the assumption implicit in the use of this notation that such cardinals exist.
The following is a consequence 6.3 and 6.9.

6.10 Proposition (Hanf-Scott [61]).
(@) 011 is the least inaccessible cardinal.
(b)nll 2021 <7t21 =a31 <...

(c) Form > 1andn >0, o)} #n)', and nt)} <o), "

n n+1° n+1-* _1

The order relationship between o, and ;" for m > 1 and n > 0 is discussed
at the end of the section.

Levy [71] carried out a systematic study of the sizes of indescribable cardi-
nals, extending aspects of Keisler-Tarski [64]. Most notably, he vitalized the idea
implicit in that paper of investigating definable filters, an idea to be used in later
contexts, and considerably extended 6.10. The starting point of his approach is
that various large cardinal properties are not only attributable to cardinals, but also
to their subsets. For X C k and Q either [T or X,

X is Q-indescribable in k iff for any R C V, and Q sentence ¢
such that (V,, €, R) = ¢, there is
an o € X such that (V,,€, RNV,) =¢.

This leads in turn to the consideration of the collections
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I ={X C k| X is not Q-indescribable in «} ,
{X €« | X is Q-indescribable in «} , and
F ={X C k| k — X is not Q-indescribable in «}

of the negligible, non-negligible, and all but negligible subsets of « with respect
to Q-indescribability. It is simple to check that x is Q-indescribable iff F is a
(proper) filter, the Q-indescribable filter over k. (F conforms to our §0 convention
about containing all the final segments {£ | « < & < «}, since the assertion in
(Vi, €, {a}) that {o} is not empty cannot be reflected down to any V; with § < «.
Levy styled the members of F weakly Q-enforceable at x, and did not refer
explicitly to the filter.) [ is then the ideal dual to F and the F-stationary sets
are just the Q-indescribable in « sets. The I7]-indescribable filter is also known
as the weakly compact filter because of 6.4. In the use of this terminology it is
assumed that the filters are indeed proper, i.e. that the ambient « has the requisite
strength.
These definable filters have a crucial property:

6.11 Proposition (Levy [71]). For m,n > 0 the II)'-indescribable and X-
indescribable filters over k are normal.

Proof. Let F be the I1'-indescribable filter over « (the X" case is analogous).
Suppose that X C k and f: X — i is regressive. Assuming that f~'({a}) is
not [1)"-indescribable in « for any a < «, it suffices to establish that X is not
IT)-indescribable in «:

Invoking the universal formula of 6.8, it can be assumed that for each @ < «
there is an R, C V, and a k, € w such that (V,, €) &= Y[Ry, ko] yet
(Ve, €) = =Yrmn[Ra N Ve, ky] for any & € X with f(§) = «. Set

R={a,B) |la <k AN BER,}, and
T ={{o, ko) | @ < K} .

Let t be any first-order sentence such that if (Vs, €) = 7, then § is a non-zero
limit ordinal. Then

(Ve, &, R, T) =1 A YaYUYo(U = R{a} A v =T(a) = Ym(U,v)) .

Properly formalized this sentence is IT"

n?

and because of t any & that reflects it

satisfies
RNVe={{a,B) |la <& A BeR,NVe}, and
TNV: =TI,
and so & ¢ X as f is regressive. Hence, X is not [1,-indescribable in «. =

Note that for any R € V, and I1," sentence ¢ such that (V,, €, R) = ¢,
{a<K | <VaveaRmV(){) Iz(p}

is in the JT)'-indescribable filter, and similarly for X". This leads to the following:
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6.12 Exercise (Levy [71]).

(a) For any n, {a < k | a is H,}—indescribable in a} is in the HJH—
indescribable filter over k.

() Form > 1l andn > 0, {a < k | o is X"-indescribable in «} is in the
IT)"-indescribable filter over «, and {o < k | « is I1))'-indescribable in o} is in the
X"-indescribable filter over k.

(c) If S is stationary in «, then {@¢ < k | S N« is stationary in «} is in the
] -indescribable filter over .

Hint. (a) and (b) follow from the sentences specified in 6.9, and (c¢) follows from
devising a I1] sentence o such that for any § and A €8, (Vs,€,A) =o iff A
is stationary in §. —

Any normal filter extends the closed unbounded filter (5.10ff), so the sets
exhibited in (a) and (b) are stationary in k. Moreover, (c) implies that the in-
describable filters are closed under Mahlo’s operation and strengthens 4.6. 6.12
typifies how in hierarchies of large cardinals, a cardinal at one level defines for
itself its transcendent size relative to cardinals at lower levels.

A fruitful offshoot of the study of large cardinals has been the investigation
of their various analogues in restricted contexts. After all, natural ideas first
germinated in the maximal setting of set theory ought to thrive in more focused
situations. The first substantive move in this direction was made in the early 1970’s
in the theory of inductive definitions allowing non-monotone operators. With the
admissible ordinals playing the role of regular cardinals, natural analogues of
Mahlo and indescribable cardinals were developed in this context. Wayne Richter
and Peter Aczel in their [74] and Aczel [77: 772ff] provide the details. A second
wave of activity began in 1980 with study of X, admissibility in terms of reflection
and partition properties by Evangelos Kranakis [82, 82a, 83]. This was extended
by, e.g. Kranakis and lain Phillips in their [84], and expanded to the study of
analogues of measurable cardinals by Matthew Kaufman and Kranakis in their
[84] and by Josephus Baeten [86].

Penetrating work by Stal Aanderaa [74] in the earlier context of inductive
definitions motivated Yiannis Moschovakis to establish the following:

6.13 Theorem (Moschovakis [76]). If V =L, m > 1, and n > 0, then o, < m".
_|

Devlin [75:100] sketches a proof. This is a curious turn of events! The
use of effective analogues for large cardinals provided new characterizations and
insights, which in turn reverberated back to the original context.

Whether some restrictive hypothesis like V = L is necessary in 6.13 was left
unresolved for some time, until Kai Hauser established a contrasting result with
sophisticated forcing techniques:
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6.14 Theorem (Hauser [91,92]). If m > 1, n > 0, and there is a X)'-
indescribable cardinal and a I1)'-indescribable cardinal below it, then there is
a generic extension with such cardinals in which o) > )" —

This was somewhat unexpected, since the straightforward definitions and the
m = 1 precedent suggested an absolute result in the Moschovakis direction. (The
ordering of the cardinals in the hypothesis of the theorem is necessary, since from
o, > m" one can establish the consistency of: there are both X"-indescribable
cardinals and I1)"-indescribable cardinals.)

The study of indescribability set the stage for the general investigation of
large cardinals in terms of reflection phenomena, and also introduced an important
technique, the use of definable normal filters. 6.14 may have resolved what had
been the major open problem about indescribability, but in any case the concept
provides a useful framework for the analysis of the relative size of various large
cardinals.



Chapter 2

Partition Properties

This chapter describes the progression of ideas and results emerging from parti-
tion properties first considered by Erdos and culminating in Silver’s results about
the existence of the set of integers 07, a principle of transcendence over L. This
development incorporated both the refined analysis of combinatorics as well as
the full play of model-theoretic techniques, and provided formulations that have
come to be regarded as basic. §7 explores partitions of n-tuples, developing the
related tree property and further characterizations of weak compactness, and in-
troduces partitions of all finite subsets. §8 gives Rowbottom’s model-theoretic
characterizations and results about L, and explores the related concepts of Row-
bottom and Jonsson cardinals. Finally, §9 presents Silver’s definitive work on sets
of indiscernibles and the implications for L of the existence of 0%.
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7. Partitions and Trees

Although an itinerant mathematician for most of his life, Paul Erdos has been
the prominent figure of a strong Hungarian tradition in the concrete mathematics
of combinatorics, and through some initial results he introduced major initiatives
into the detailed combinatorial study of the transfinite. Erdds and his collaborators
simply viewed the transfinite numbers as a combinatorially rich source of intrinsi-
cally interesting problems. The lines of inquiry that they pursued soon developed
a momentum of their own, with the concrete questions about graphs and mappings
having a natural appeal through their immediacy. Some of the initial speculations
led to important correlations with weak compactness, and these ramifications are
discussed in this section. Enough was known by the late 1950’s so that the result
that the least inaccessible cardinal is not measurable could have been deduced
before the Hanf-Tarski work. That this combinatorial research should have some
bearing on large cardinals was not surprising, but that it was to play a central role
in their structural elaboration in the 1960’s (§§8,9) was rather unexpected.

Despite later developments the story begins with a problem in formal logic.
A couple of years before Godel established the Incompleteness Theorem [31],
Ramsey [30] demonstrated the decidability of the class of 3V formulas with iden-
tity (see Dreben-Goldfarb [79] for a general framework). It was for this purpose
that he proved his well-known finite combinatorial theorem. Up at Cambridge
and brother to a later Archbishop of Canterbury, Ramsey through his association
with Bertrand Russell and Ludwig Wittgenstein is a pivotal figure in the philos-
ophy of mathematics. With the latter at his side, Ramsey died tragically at the
age of 26. Skolem [33] sharpened Ramsey’s work, but his theorem did not be-
come widely known until Erdds-Szekeres [35] rediscovered it and applied it to a
problem of combinatorial geometry. Today, Ramsey Theory is a thriving field of
combinatorics (see Graham-Rothschild-Spencer [90]).

Ramsey also established an infinite version of his combinatorial theorem
which is just as well-known, and it was the investigation of its analogues in the
transfinite that led to large cardinal properties. In the joint paper Erd6s-Tarski [43]
weakly inaccessible cardinals were incorporated into a discussion about maximal
mutually disjoint families. But enticingly, that paper ended with an intriguing
list of six combinatorial problems (and announced some interconnections between
them in a footnote) whose positive solutions amounted to the existence of either a
strongly compact, measurable, or weakly compact cardinal. It is evident that here
the authors were motivated by strong properties of w to formulate direct combina-
torial generalizations. They took a distinctly empirical approach to foundational
issues, considering their problems as lines of inquiry towards possible new axioms.
They speculated ([43: 328ff]):

The difficulties which we meet in attempting to solve the problems under consideration

do not seem to depend essentially on the nature of inaccessible numbers. In most cases

the difficulties seem to arise from lack of devices which enable us to construct maximal

sets which are closed under certain infinite operations. It is quite possible that a complete
solution of these problems would require new axioms which would differ considerably in
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their character not only from the usual axioms of set theory, but also from those hypotheses
whose inclusion among the axioms has previously been discussed in the literature and
mentioned previously in this paper (e.g., the existential axioms which secure the existence
of inaccessible numbers, or from hypotheses like that of Cantor which establish arithmetical
relations between the cardinal numbers).

At first, it might seem as if the possibility of such prior principles has not been
realized, since the positive solutions to their problems have simply been adopted
as large cardinal hypotheses. But, reflection principles studied in the 1960°s (§6)
have justified “maximal sets which are closed under certain infinite operations”.
In particular, the characterization of weak compactness via IT}-indescribability
has provided a local explanatory principle leading to the positive solutions of the
combinatorial problems, and the second-order indescribability principle of Bernays
[61], essentially the I7!-indescribability of On for every n € w, a global one.

The program initiated by Erdos is now described, so that the related problems
of Erdo6s-Tarski [43] can be considered in context. Richard Rado was Erdos’ main
collaborator in this direction in the 1950’s, and Hajnal, since then. It is interesting
to note that like his earlier compatriot von Neumann, Hajnal’s initial work was in
the axiomatics of set theory (see before 3.2), but his concerns were quite different
afterwards. A general framework called a partition calculus was developed by
Erdos-Rado [56], and the starting point is a special case of their ordinary partition
symbol. Recall that for x € On, [x]" = {y € x | y has ordertype y}. The
ordinary partition relation

B — (a)f

asserts that for any f: [B]Y — &, there is an H € [B]* homogeneous for f:
|f“[H]”| < 1. In other words, for any partition of the ordertype y subsets of g
into § cells there is an H C B of ordertype « all of whose ordertype y subsets lie
in the same cell. The negation of this and like relations is indicated with a —~
replacing the —>. The idea behind this “arrow” notation is that the relation is
obviously preserved upon making the 8 on the left larger, or making any of the
a, y, 8 on the right smaller, as long as the order relationship between y and « is
preserved, e.g. the trivially true case o < y can become false when y < «. Of
course, § can be taken to be a cardinal, and if « is a cardinal, then the least
satisfying the relation must also be a cardinal. Ramsey’s infinitary theorem is the
assertion @ — (w)!" for every m, n € w and is established by 7.7.

An early comment was that y must be finite in the presence of the Axiom of
Choice:

7.1 Proposition (Erdos-Rado [52:434]). For any k, k — (0)5.

Proof. Let < well-order [«]”, and define f: [«]® — 2 by f(s) = 0 if every
t € [s]® — {s} satisfies s < ¢, and f(s) = 1 otherwise. Then no x € [«]* can
be homogeneous for f: If y is the <-least member of [x]°, then f(y) = O.
But taking any infinite increasing C-chain xo C x; C x,... C x of infinite sets,
f(x,) = 0 for every n would imply that ...x; < x; < x¢, contrary to < being a
well-ordering. =
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Erdds-Rado [56] provided some basic results for the general ordinary partition
relation. Working independently Djuro Kurepa [59] also obtained similar results.
Later, an almost complete theory for cardinals was given in Erdos-Hajnal-Rado
[65] assuming GCH. Incorporating the further work of Shelah [75] the book Erdos-
Hajnal-Maté-Rado [84] then extended the discussion with Byzantine detail to the
general situation without GCH. What lies at the heart of these matters is a basic
argument for producing large homogeneous sets using trees.

A tree is a partially ordered set (T, <r) such that for any + € T the set
{ueT |u<rt}of <r-predecessors of ¢ is well-ordered by <7. The ath level
of T consists of those t € T whose set of <y-predecessors has ordertype o under
<7. The height of T is the least « such that the ath level of T is empty. A chain
of T is a linearly ordered subset, and an antichain of T is a subset consisting of
pairwise <r-incomparable elements. For example, any level is an antichain. A
branch of T is a maximal chain of T, a cofinal branch of T is a branch with
members at every non-empty level of 7', and an a-branch of T is a branch whose
ordertype under <7 is a. A subtree of T is a subset T C T together with the
induced ordering on 7. Although not always done in set theory, it is assumed that
the Oth level of a tree consists of a single element, called the root.

Trees abound in contemporary set theory as basic combinatorial objects. The
first systematic study of trees was carried out in Kurepa’s Paris thesis [35] with
Fréchet, where several tree and linear order equivalences are derived, e.g. for
Suslin’s Problem [35: 127ff]. See Levy [79:1X§2] for the basic combinatorics,
Devlin [84] for trees in L, and Todorcevi¢ [84] for a magisterial discussion. The
basic example is (<"x, C), the set <Vx = an “x ordered by proper inclusion,
which for x # (J is a tree of height y with «th level *x.

The following lemma provides a basic analysis of partitions in terms of trees
and is known in general form as the Ramification Lemma (cf. Erdos-Hajnal-Rado
[65:§6]). It is used to establish a close relationship between large homogeneous
sets for partitions and long chains in trees, and as such provides the basis for the
quintessential tree argument in infinitary combinatorics: Instead of building large
homogeneous sets directly by recursion, one argues that because a tree must have
long chains, some sufficiently large homogeneous set must exist. The first argu-
ments of this sort were those appealing to the well-known tree lemma of Dénes
Konig [27], a generalization of which will be considered shortly. Recall our §0
convention that f (w1, ..., a,) is written for f({«, ..., ®,}) with the understand-
ing that oy < ... < .

7.2 Lemma. Suppose that2 < n < w, o is a cardinal, and f: [k]" — o. Then
there is a tree (k, <r) such that:

(@) If & <f n, then & <.

) If & <5 ... <f &1 <5 6 <fpn, then

f(sla”w%—n—l,(s)=f(§l’~~a§n—l’n)~
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(c) For each o < «, the ath level of the tree has cardinality at most o'“+¢|,
and is finite if both o and « are finite.

Proof. The tree is defined by recursion, initially letting the first n levels be
0 <¢1<g...<sn—1. Suppose that n < 1 < k, and every & < n has already
been put on the tree, i.e. <f|[( x 1) has been defined. Then choose a downward
closed chain b of the tree thus far constructed maximal with respect to having the

property:
fOranygl <f<f%_n allinbv f(%‘h"'véﬂ):f(%-l’"'vgnfl’n)a

and stipulate that £ <, n for every & € b.

(Actually, this b is unique: If b; # b, were chains that met the conditions for
b, let ¢ = by N by, y; the <y-least element of by — ¢, and y, the <y-least element
of by —c, say with y; < y». Thenif & <, ... <y §,_y are all in c,

FGE o bnyv) =G & = 6L 6 7))

But this is contradictory, since 3, had been put atop ¢, yet ¢ did not meet the
maximality condition at the time because of ¢ U {y;}.)

(k, <y) is a tree satisfying (a) and (b). To complete the proof, (c) is estab-
lished by induction: At limit ordinals @ > 0, first note that if b is a maximal chain
through that part of the tree below the ath level, then b has at most one successor
at the ath level: If n; < n, were two successors, for any & <, ... <y &,y all in
b, taking a & € b such that §,_; <y & as « is a limit,

JEognn) = fGL 6, 8) = fGL S m)

But this is contradictory, since 1, had been put atop b, yet b was not maximal at
the time because of b U {n;}. Thus, the cardinality of the «th level is at most the
cardinality of the set of maximal chains through that part of the tree below the
ath level. By induction this is at most [],_, o/“*#! = ¢/*! as required.

For the argument at successor ordinals, first note that if & is at the ath level,
then & has at most ¢"”” immediate successors at the (¢ +1)st level: If ; < 1, are
both immediate successors of &, then there must be some & <7 ... <f §,_1 < &
such that

(%) G .. &) # fEL .. &1, m)

else 17, would not have been an immediate successor, as before. In fact, &,
must equal &, else (¥) would be an equality just as in the previous paragraph.
There are at most |a|"™% (n — 2)-tuples (£, ...,&,_) as & is at the ath level,
and each immediate successor 1 of & determines for each such (n — 2)-tuple a
value f(&1,...,&,.2,&,n) < o. Since these values must be different as in (x) for
distinct immediate successors, there must be at most o1 immediate successors.

It is now simple to complete the argument: By induction, the «th level has
cardinality at most o!*t®! . gl*"” < gletel  Also, if o and & are both finite and
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by induction the ath level is finite, then so is the (a + 1)st level since ol g
finite. —

To illustrate how this lemma is used, with it we establish what is called the
Erdos-Rado Theorem, which shows in particular that for any «, 8, and n € w there
is a k such that « —> (oz)g'“. The case n = 1 had occurred in Erdos [42]; the full
theorem was established independently by Kurepa [59]. For the statement of the
theorem, define the first few Beth numbers based at a cardinal « by: bethy(k) = «
and beth, (k) = 2°M© for n € w.

7.3 Theorem (Erd6s-Rado [56]). For any k and n € w,
beth, (k)* — (K+)Z+l .

Proof. Proceed by induction on n. The case n = 0 follows from the regu-
larity of k*. Assume now that the assertion is true for n, and suppose that
f:[beth,o (k)T]"2 — k. Let <y be the corresponding tree ordering on
beth, (k)" as in the lemma. Then the beth, («)th level of the tree is not empty:
Otherwise, (c) of the lemma would lead to the contradiction

beth, 11 ()" < U™ | @ < (beth, (k))"} < 2% = beth, (k) .

Let n be at the beth, () *th level and consider the chain C = {§ | & </ n}.
By (a) and (b) of the lemma the function g: [C]"T! — « given by

g(él? -~-,§n+1) = f(élv -"1$n+178) for some (any) deC— (§n+l + 1)

is well-defined. But then, the inductive hypothesis can be applied to g to extract
a subset of C of cardinality ¥, homogeneous for the original f. =

7.3 is known to be best possible in the sense that beth,, («)* cannot be replaced
by beth, (x) (Erdos-Hajnal-Rado [65]). This follows from their “stepping-up”
lemma ([65: 118ff]), starting from two basic counterexamples for n = 1 that had
been noticed much earlier:

7.4 Exercise (Godel — Erdos-Kakutani [43:459]). For any «,

22— Q); .
Hint. With (f, | « < 2¢) enumerating “2 consider F: [2°]> — « defined by:
F(a, B) = least & such that f,(§) # fg(§). =

7.5 Proposition (Sierpinski [33]; Kurepa [41:487]). For any «,
2°—f> (kM3

Proof. Let < be the lexicographic ordering of “2, i.e. for f # g € “2, f < g iff
f(a) < g(a) for the least « < x such that f(a) # g(a). With (f, | a < 2¥)



7. Partitions and Trees 75

enumerating “2 define F: [2°]> — 2by: F(a, B) =0if f, < fg,and F(a, B) =1
otherwise.

Assume to the contrary that there is an H € [2¢]" homogeneous for F. Take
F*“[H]? = {0}; the other case is entirely analogous. For each « € H let d(a) be
the least ordinal £ < « such that for some y € H, f,1&€ = f,|& yet f,(§) < f,(§).
For & < «, set

H:={e e H|da) =E&}.
Note that for any § < «, if o, B € He, then f,|§ = f3l€. Thus, if « € H: and
y € H is such that f,1§ = f,|§ yet f(§) < f, (&), then any other member of H;
has this property with respect to the same y. Hence, H: C {@ € H | fo < f,},
and so |Hg| < «, since by homogeneity H is well-ordered by < in ordertype «*.
However, this contradicts the regularity of k™ since H = U5<K H:. —

For any X, using 7.3 there is a sequence (A | k € w) such that Ay = A
and for k € w, Ay —> (@) for any o, 8§ < Ar and n € w. It follows that if
k =sup({¢ | k € w}), then k¥ > A and k — (a)§ for any o, 6 < k and n € w.
The following result is about the next interesting possibility, directly generalizing
Ramsey’s o —> (w)3:

7.6 Corollary (Erdds). If k > w and k —> (k)3, then k is inaccessible.

Proof. First, k must be regular: Otherwise, x would be a disjoint union ¥ =
Ug-, Xe, where y < k and |X¢| < « for each & < y. Then the function
f: [k]* — 2 defined by f(a, B) = 0 if @ and B are in the same X¢, and f(a, B) =
1 otherwise, cannot have a homogeneous set of cardinality «.

Next, « must be a strong limit: Otherwise, there would be a A < « such that
k < 2*. But then, k —> (x)3 would contradict 7.5 for A. -

The weaker conclusion that « is weakly inaccessible is almost explicit in
Erdos [42] (cf. Erdos-Tarski [43:328]).

The Tree Property

The proof of 7.3 shows how the existence of large homogeneous sets can be related
to the existence of long chains in trees. For k —> (k)3, the key feature is a strong
property considered by Kurepa [35] that replaces the cardinality argument of 7.3:
A k-tree is a tree of height k each of whose levels has cardinality less than «.

k has the tree property iff every k-tree has a cofinal branch .

This generalizes the well-known tree lemma of Konig [27], which is just the
assertion that w has the tree property. The following result will shortly be seen to
provide another characterization of weak compactness.

7.7 Exercise (Ramsey [30] for « = w; Erdos-Tarski [43:328] for n = A = 2).
If k = w, or is inaccessible and has the tree property, then for any n € w and
A<k, kK —> (K)}.
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Hint. Use the inductive argument for 7.3; for the case k = w, apply the last clause
of 7.2(c). —

Ramsey’s original proof was essentially this, although he did not formulate
Koénig’s lemma explicitly.

As mentioned in §4 the details of implications announced at the end of Erdos-
Tarski [43] were provided in a seminar at Berkeley in 1958-9 by Mostowski and
Tarski, and appeared in Erdos-Tarski [61]. In addition to the crucial Hanf (§4)
and Scott (§5) results that followed, the tree and partition equivalences for weak
compactness were soon worked out:

7.8 Theorem (Erdos-Tarski [43,61], Hanf [64a], and Monk-Scott [64]). The
following are equivalent for k > w:

(a) k is weakly compact.

(b) k is inaccessible and has the tree property.

(c) k —> (k)% for every n < w and A < k.

(d) k — (K)%.

Proof. (a) — (b). Inaccessibility is a consequence of weak compactness. To
establish the tree property a typical compactness argument can be used: Let
(T, <r) be a k-tree. To each ¢ € T associate a propositional (0-ary predicate)
symbol P;, and consider the collection of L, sentences consisting of: disjunc-
tions \/{P; | ¢ is at the ath level of T} for « < k, and —=(P; A Py) for <gp-
incomparable ¢,¢' € T. Since T has height «, this collection of « sentences is
k-satisfiable. Hence by weak compactness, it is satisfiable, say by a model M.
{t € T | M = P} is then a cofinal branch through T.

(b) — (c) follows from 7.7, and (¢) — (d) is immediate. To complete the
proof, it will be convenient to establish (d) — (b) — (a).

(d) — (b). Inaccessibility follows from 7.6. To establish the tree property,
let (T, <7) be a k-tree. Since |T| = «, it can be assumed that T = «. If £ < « is
at a level > «, let 7, (§) be its predecessor at level o (allowing 7, (§) =& if £ is
at the ath level). <7 can be extended to a linear ordering < of x by specifying
how it orders two <r-incomparable elements &, n as follows: Let o be the least
such that 7, (§) # 7m,(n), and define & < n iff 7, (&) < 7wy (n).

Now define f: []* — 2by f(£,7) =0if& < n, and f(£, n) = 1 otherwise.
By k —> (k)3 let H € [«] be homogeneous for f. Since every level of the
tree has cardinality less than «, there is a p, < « such that if p, < & and § € H
then £ is at a level > «. By definition of < if two ordinals y < § are both at
levels > a, then 7, (¥) < 74 (8) or me(y) = 7, (8). Hence, if f“[H]* = {0}, then
(Mo (£) | po < E ANE € H) is non-<-decreasing in &, and if f“[H]> = {1}, then it
is non-<-increasing. In either case there is a 0, < k and a b, such that if o, < &
and & € H, then 7, (&) = b,. Clearly, (b, | @ < k) is a cofinal branch since any
two b,’s have a common <7-successor.

(b) — (a). The Extension Property (4.5) for weak compactness will be
verified. So, suppose that R C V,; a transitive set X #* V, and an § € X must
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be found so that (V,, €, R) < (X, €, §). By the inaccessibility of « and 6.1,
{a <k | (Vo, €, RN V) < (Vi, €, R)}

is closed unbounded in «; let (c¢ | & < k) be its increasing enumeration.

A tree (T, <r) is now defined. Fix a complete set of Skolem functions (§0)
for (V,, €, R), and define Skolem hulls for any X € V, in what follows as being
with respect to this particular set. For oz < 8 < « let

H (&, B) = the Skolem hull of V,, U {8} in (V,, €, R)

so that
(Vaer €, RN Vy,) < HE, B) .

Define

H(, B)~ H(E, B) iff &€ =E& and there is an isomorphism between the
two structures fixing V,, and sending 8 to 8 .

Clearly, ~ is an equivalence relation, and so let [H (£, B)] denote the equivalence
class of H(&, B). The elements of our tree T are to be the [H (&, 8)]’s. Finally,
set

[HE B <r [HE, )] iff &€ <&, B<§B,and H(E, B) is isomorphic
to the Skolem hull of V,,, U {B} in H(&, B) .

That (T, <7) is indeed a tree is not difficult to see; note that the £th level of T is
{[HE, B)] | az < B < «}. That (T, <7) is a k-tree follows from the inaccessibility
of k, there being at most 2!Ye! < i Skolem hulls up to isomorphism generated by
Ve, U {x} for sets x.

Hence, by the tree property there is a «-branch ([H (§, B¢)] | £ < «) through
T. By definition of <7, whenever & < 5 < k there is an elementary embedding
ien: H(, Be) < H(n, By) that fixes V,, so that ig,(8¢) = B,. From the construc-
tion it is seen that £ < n < p < « implies that i, = i,, o iz;. Thus, the direct
limit (§0) can be formed, and it is well-founded as cf(xk) > w. The transitive
collapse (0.4) is then an elementary extension (X, €, §) of (V,, €, R). Since the
Be’s get identified together to correspond to an ordinal § € X such that § > «,
(X, €, S) is as required. —

The proof of (a) — (b) shows that weak compactness is equivalent to its
defining property restricted to propositional logic for L,,. Be that as it may,
nowadays the roots of the concept in infinitary languages are usually passed over
in favor of its more immediate formulations, particularly (b). Just as Konig’s
lemma is the mathematical essence of the compactness property of L, so the
tree property provides the gist of the generalization. Further tree-related equiv-
alences for weak compactness have been provided by Baumgartner [75:123],
Shelah [79], Erdos-Hajnal-Maté-Rado [84:§31] (also due to Baumgartner), and
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Todorcevic [87]. Harkening back to the efforts of Keisler-Tarski [64] (§4), much
of the interest has been in devising avowedly combinatorial proofs of the results
on the size of weakly compact cardinals.

The tree property, decoupled from inaccessibility and hence from the partition
property k —> (k)3, has come to be regarded as intrinsically interesting in its
own right, especially after the advent of forcing which led to relative consistency
results about accessible cardinals. That w; does not have the tree property is a
1934 result of Nathan Aronszajn, presented in Kurepa [35:96] and acknowledged
(inaccurately) in Erdos-Tarski [43:328]. A fellow student with Kurepa in Paris
at the time, Aronszajn may seem a shadowy figure in the annals of logic, but he
became well-known as a functional analyst (e.g. [52]). With but one paper [52a]
in set theory and on a topic unrelated to trees, it is a happenstance of mathematics
that his name has become commonplace in infinite combinatorics:

A k-Aronszajn tree is a k-tree with no cofinal branch .

Hence, a x-Aronszajn tree is simply a counterexample to the tree property for «.
Note that if « is singular, then there is a k-Aronszajn tree: Let k — {0} = U(Ky X
be a disjoint union with y < « and | X,| < « for each @ < y, and consider (x, <7)
where &€ <7 ¢ iff &€ < ¢ and &,¢ € {0} U X, for some o« < y. For regular «,

uniformly thin «-trees do have cofinal branches:

7.9 Proposition (Kurepa [35: 80]). Suppose that k is regular, . < k, and (T, <7)
is a k-tree each of whose levels has cardinality less than ). Then (T, <7) has a
cofinal branch.

Proof. Tt can be assumed, by trimming the tree if necessary, that distinct members
at a limit level have a distinct <7-predecessors at some earlier level. It can further
be assumed that T = k. Let T, denote the «th level of the tree, so that |7,| < A.
The result is first established assuming that X is regular:

For each o < « with cf(e) = A, choose a &, € T,. Then for such « there
is an f(a) < « such that for any £ € T, — {£,}, & and &, have no common
<r-predecessor in Ty). Since {&¢ < «k | cf(e) = A} is stationary in k, it has
(0.1(c)) a subset X unbounded in « on which f is constant, say with value y. It
follows from |7, | < « that there is a ¥ € X unbounded in « such that one fixed
member of T, is a <r-predecessor to every member of {§, | o € Y}. But then,
{€, | @ € Y} is readily seen to be a chain in («x, <r), and hence it determines a
cofinal branch.

For singular A < «, there is a regular v < A so that ¥ = {o < « | |T,| < v}
is unbounded in «. By the previous argument, the subtree determined by .y T
has a cofinal branch. But any such branch determines a cofinal branch through
the original tree. =

Specker generalized Aronszajn’s original result under a cardinality assump-
tion. A proof based on the elegant “minimal walk” construction of Stevo
Todorcevic is provided:
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7.10 Theorem (Aronszajn for k = w — Kurepa [35:96]; Specker [49]). If k is
regular and 2<% = k, then there is a k+-Aronszajn tree.

Proof (Todorcevi¢ [87]). For each @ < «™ let C, be closed unbounded in «
of ordertype < «k; successor ordinals can be accommodated by just requiring
& € Cgqy. Define pg: B — ~“[P(B)] for each B < «* as follows: For any
a < B, let B§ = B and B,; = min(Cpe — ) < B until B = «; then set

ppla) = (Cﬁgﬂa | i <n).

Several properties are noted:

(1) If§ <a < B < «™, then there is a unique j € w such that ,Bf = B/
for i fjandéfﬂjil <a.

(i) If ¢ <a < B <« and pﬂ(é) and pg(a) have the same length n,
then for some j < n, C 5 N& is a proper initial segment of C peNa .

(i) fe < B <y and p,g(a) = p, (@), then pgla = py o .
For (ii), take j as in (i); then ﬂf = B} and CeeNE is a proper initial segment
. . ]
of C B Na as ﬁfﬂ belongs to the latter set. For (iii), suppose that £ < «. Let j
be maximal such that ﬁf = B and ng = y{. Then for i < j, the consequence
Cpe Na = Cpe N of pg(e) = p, () implies that Cpe N§ = C ¢ N§. Moreover,
ﬂf 4 <aor yjil < « by (i). In either case, the consequence Cﬁ;_* Na = Cyja Na

of pg(a) = p, () implies that ,Bjil = yjil, and thus that ﬂf = yf fori > j.
Hence, pg(§) = p, (§).
Set
T ={pgle | < B <w*}.

Then (T, C) is a tree of height «* which is k*-Aronszajn: First, if b were a cofinal
branch through T, then f = [ Jb would be a function with domain «*. Since the
ordertypes of the C,’s are at most «, there would be an X C x* with |X| = «*
and fixed n € w and ordinals ¢y, ..., ¢,—; such that for any « € X, f(«) has
length n and its ith element has ordertype ¢;. But then b could not have been a
branch by (ii).

To complete the proof, note that for any o < «* the definition of the pg’s
and (iii) imply that the ath level of T has cardinality at most

HCpNa|a<B <k} <k =k
since 2= = k and « is regular. =

The original constructions of «T-Aronszajn trees ensured a further property
that has become pivotal in subsequent developments:

A «-tree is special iff it is the union of fewer than x antichains .
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Clearly, a special k-tree is a k-Aronszajn tree. The Todor¢evi¢ construction also
provides special « T -trees:
7.11 Exercise. With the hypotheses of 7.10, there is a special k™ -tree.
Hint. Modify the previous construction by taking instead pg: B — ~“k given by
D) = (ot(Chr Na) | i <),
and setting
T={pglla+1D|a<p<k'}.

By (ii) above each py is an injective function, so that for s € ~“«,
Ay ={f €T | Ja(dom(f) =a+1 A f(a)=s)}

is an antichain of (T, C), and T = | J{A, | s € <“«}. —

In contrast, the first inkling that cardinals < 2% can have the tree property
was provided by the following result.

7.12 Proposition (Silver [66,71]). If k is real-valued measurable, then k has the
tree property.

This is a simple consequence of 7.9, as is later pointed out in context (16.4(c)).
Few other direct implications in ZFC about the tree property were established until
the late 1980’s. On the other hand, consistency results in the early 1970’s involving
large cardinals have considerably clarified the possibilities at accessible cardinals
like w; (see The Tree Property in volume II).

Partitions of All Finite Subsets

Erdos, Hajnal, and Rado formulated a further partition relation that was to invite
the infusion of model-theoretic techniques more directly into the study of large
cardinals. Recall that for x € On, [x]~* = |J,.,[x]". The following partition
relation first occurred in Erd6s-Hajnal [58: 113]:

B — ()5

asserts that for any f: [B]~“ — & there is an H € [B]* homogeneous for f:
|f“[HT"| <1 for every n € w. In other words, for every n, H is homogeneous
for f|[B]" in the former sense. For o > w,

the Erdds cardinal k () is the least A such that A — ()7 .

Implicit in the use of this notation will be the assumption that there is some X

such that A — (a)5;“; unlike for the ordinary partition relation, this cannot be
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established in ZFC (7.15(b)). Next, the fixed points of the sequence of Erdds
cardinals are specified:

k is Ramsey iff k —> (k)57 .

Thus, Ramsey cardinals are weakly compact. Historically, the first comment
on these partition relations was the following, which showed that the term “Ram-
sey” is not altogether appropriate.

7.13 Exercise (Erdos-Rado [52:435]). w is not Ramsey.

Hint. f: [w]~® — 2 given by f(ky,...,k,) = 0 if k; < n, and = 1 otherwise,
has no infinite homogeneous set. =

The following proofs are typical of the early combinatorics:

7.14 Proposition. Suppose that « > w. Then:
(@) If o < B, then k() < k(B).
(b) k() is regular.
(¢c) k is Ramsey iff for any y <k, k —> (k)7

Proof. (a) For each y < «(a) let f,: [y]= — 2 have no homogeneous set of
ordertype . Define g: [k ()= — 2 by g(&1,..., &) = fe, (&1, ..., &—1) (and =
0 for n = 1). If H is homogeneous for g, then for y < k(o) withy e H, HNy
is homogeneous for f, and so has ordertype < «. Hence, H has ordertype < «,
and so k(a) < k(B).

(b) Assume to the contrary that «(«) is singular. Then there is a non-
decreasing function h: k() — 8 where § < k() and |h~'({y})| < «(a) for
each y < 4. Let f: [6]°” — 2 and f,: [h'({yD]=® — 2 for ¥ < & each have
no homogeneous set of ordertype «. Define g: [« (@)]<” — 2 by

0 if n =2 and h(&) = h(&),
1 if n=2and h(§) < h(&),
g& ... &) =1 f,(&, ..., &) ifn>2and h(§) =...=hE) =y,
FE), .. hE) ifn>2and h@E) <... <h)
0 otherwise .

Let H € [«(a)]* be homogeneous for g, and p; and p, the first two elements
of H. Since « > w, H = H—{py, p} also has ordertype . If g“[H]*> = {0}, then
h“H = {y} for some y < &, and using p; and p, as £, and &, in the third clause
of g it follows that H is homogeneous for f,, a contradiction. If g“[H)? = {1},
then #“H has ordertype o, and using p; and p, as &; and &, in the fourth clause of
g, it follows that 7““H is homogeneous for f, also a contradiction. «(«) is hence
regular.
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(c) Suppose that f: [k]"® — y with y < k. Define g: [k]"® — 2
by: g¢1,....6) = 0ifn = 2m and f(1,....60) = f(Emnt1,..., &), and
g1, ..., &) =1 otherwise. Let H € [x]“ be homogeneous for g, and n = 2m.
Since y < «, there must be s,¢ € [H]" with max(s) < min(#) such that
f(s) = f(). Thus, g(s Ut) = 0 and so by homogeneity g“[H]" = {0}.
For any u,v € [H]", if w € [H]" with max(u), max(v) < min(w), then
fw) = f(w) = f(v). Hence H is homogeneous for f as well. —

For cardinals « Erd6s-Hajnal-Rado [65:§17] labored with combinatorial
methods to show that x () must be large, but far better results were soon to
be achieved using model-theoretic techniques. The following basic result general-
izing 7.14(c) was first established by these means; the proof given here is simpler
and based on an idea from Baumgartner-Galvin [78]:

7.15 Proposition (Silver [66]). Suppose that @ > w is a limit ordinal. Then:
(a) For any y < k(a), k(o) —> (ot);‘".
(b) k() is inaccessible.

Proof. (a) Set k = (), and note first that by the proof of 7.14(c), k —> () ®
for any ¢ € w.

Suppose now that f: [k]<® — y with y < k, and let g: [y]=“ — 2 have no
homogeneous set of ordertype «. Define h: [x]<“ — 4 by setting h(§y, ..., &) =
0 unless n = 23/ for some i, j > 0, in which case:

0 if f&,....&) =&, .... 6,
L if f,....8) > fEip, ..., 60,

... &) =42 (G, ier) k<),
is an increasing enumeration of
j ordinals homogeneous for g , and

3 otherwise .

By the initial remark, there is an H € [«]* homogeneous for 4. If A“[H]~* = {0},
then H is homogeneous for f, by the argument for 7.14(c). So, assume to the
contrary that for some 77 = 2/3/, h*“[H]" # {0} to derive a contradiction:

Note first that A“[H]" # {1} also, else there would be an infinite descending
sequence of ordinals. If (¢s | B < «) is the increasing enumeration of H, set
ng = f(g“;ﬁﬂ, e {;(ﬁﬂ)) for every B < «, possible since « is a limit ordinal.
(ng | B < o) must be a strictly increasing sequence, since h“[H]" # {0}, {1}. In
particular, for any natural number of form n = 2/3/ for arbitrary j > 0, it must also
be the case that A“[H]" # {0}, {1}. It will now be established that A1“[ H]" = {2}
for every such n. This would imply that {ng | 8 < a} is homogeneous for g, since
every finite subset of it is, contradicting the choice of g and thereby completing
the proof.
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To do this for a given n = 23/ with j > 0, apply Ramsey’s Theorem 7.7
j times to get an infinite W C {ng | B < w} homogeneous for every g|[y]* with
k < j. Let ng < ... < ng, be the first j elements of W. Then & on any n-tuple
starting with

Cipiarr o Sigirty Sipatr -0 Siguryr - o 5?,3_,+1’ R gf(ﬁ,-+1)

has value 2. Hence, h“[H]" = {2} by homogeneity.

(b) Since k() is regular by 7.14(b), it remains to show that it is a strong
limit. But if A < « yet 2* > «, then 7.4 for A would imply that K—7L>(3)%,
contradicting (a). =

In contrast to 7.15(b), k(@ +n + 1) for ¢ > w and n < w is a cardinal
accessible from k(a); in the notation of 7.3, «k(a + n + 1) = beth,(k(a))* (S.
Thompson — see Drake [74:221]).

The first inkling that inaccessibility was involved at all was a special case
of 7.15(b) attributed to Géza Fodor in Erdés-Hajnal [58:125]. Erdos and Ha-
jnal also established that measurable cardinals are Ramsey. In their [62], they
essentially observed the simple 7.14(a), and pointed out how the result that the
least inaccessible cardinal is not measurable could thus have been deduced by
these straightforward means, a couple of years before the Hanf-Tarski result. This
would have been a considerable coup for the Hungarians and their partition cal-
culus, and one is left to speculate on how it was missed. Erdos was surely aware
of the problem from Erdos-Tarski [43], but the thrust of Erdos-Hajnal [58] was in
a different direction, and the Fodor result may have been regarded as anomalous
and peripheral. To be sure, this combinatorial approach falls far short of the Hanf
breakthrough, and does not even suffice to establish that measurable cardinals are
Mahlo.

Further showing the model-theoretic approach to advantage Reinhardt and
Silver observed that even x (w) is larger than the least weakly compact cardinal:

7.16 Proposition (Reinhardt-Silver [65]). There is a totally indescribable cardinal
below k (w).

A proof of this result is sketched in the appropriate setting (9.18). Erdos
cardinals have since been generalized and shown to be large in natural hierarchical
terms (see Subtle Properties in volume II).

Using normality the Ramsey property of measurable cardinals was established
in a strong sense by Rowbottom:

7.17 Theorem (Rowbottom [64,71]). Suppose that «k is measurable and U is a
normal ultrafilter over k. Then if f: [k]~® — y where y < k, there is a set in U
homogeneous for f.

Proof. If for each n € w there were sets X, € U homogeneous for f|[«x]", then
(Mpew Xn € U would be as required. Thus, it suffices to establish the following for
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every n € w: for any g: [k]" — y with y < «, there is a set in U homogeneous
for g.

Proceeding by induction, the n = 1 case is clear from the x-completeness of
U. So, assume that the assertion holds for n» > 1, and suppose that g: [«]""' — y
where y < k. For each s € [«]" define g;: k — y by:

{g(s U{B} if max(s) <B,

otherwise .

gs(B) =

By x-completeness, for each s € [«]" there is a §; < y and a ¥; € U such
that g;“Y; = {§;}. By induction hypothesis, there is a fixed § < y and a Z €
U such that s € [Z]" implies that 8, = 8. Finally, by x-completeness Z, =
({Y, | max(s) < «a} € U for each a < «, so that by normality H = ZNA,_Z, €
U. The proof is completed by checking that g“[H]"*! = {§}: Suppose that
t € [H]'*!, written ¢ = s U {8} where max(s) < 8. Then g(¢) = g,(8) =8, = &
since B € Zmaxs) S Y5 and s € [Z]". —

7.18 Corollary (Erdds-Hajnal [58:125]). Measurable cardinals are Ramsey.

Rowbottom also observed that the least Ramsey cardinal is not measurable;
this follows quickly from a typical indescribability argument:

7.19 Exercise. If « is measurable and U is a normal ultrafilter over «, then
{¢ <k | « is Ramsey} € U .

Hint. There is a 1'[21 sentence ¢ such that « is Ramsey iff (V, €) = ¢, so the
result follows from 6.5. =

In the next section partitions of all finite subsets are correlated with model-
theoretic transfer principles, and drastic consequences for L are deduced.
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8. Partitions and Structures

Frederick Rowbottom, a student of Keisler at the University of Wisconsin, in-
vestigated partition properties of measurable cardinals in his doctoral dissertation
[64]. An important result of his appeared at the end of the previous section, and
here we pursue his main line of argument, based on a basic characterization of
model-theoretic transfer principles. With this conceptual breakthrough he was able
to derive substantial statements about the distance between L and V.

A structure A = (A, R, ...) for a countable first-order language with a dis-
tinguished unary predicate interpreted by R C A is of type (x, A) iff |A| =k and
|R| = A

(k,A) —> {(u,v) iff whenever A is of type (k, A),
there is a B < A of type (u, v) .
(k,A) —> {(u, <v) iff whenever A is of type («, 1), there is
a B < A of type (i, p) for some p < v .

These are evidently strong, two-cardinal versions of the Lowenheim-Skolem The-
orem. The transfer principle (k, ) —> (u,v) is known as Chang’s Conjecture
for the pairs (x, 1), (4, v), after the attribution to Chen-Chung Chang in Vaught
[63:309]. A test case was soon singled out:

Chang’s Conjecture is (wy, w1) —»> {(w;, w) .

Of course, this is equivalent to (w;, w;) —> {(w;, <w;) since an infinite unary
predicate cannot have a finite counterpart in any elementary substructure. Gener-
ally speaking, the less stringent (i, <v) formulation is more immediate for large
cardinal postulations, but further analysis can produce a range of (i, v) conclu-
sions (cf. 8.5(b)).

Rowbottom established an equivalence between the model-theoretic —> con-
cept and partition relations somewhat different from the types that have been dis-
cussed. In a nice reversal, this major application preceded the introduction of the
partition symbol:

First, the square brackets partition relation

B — lal;

of Erdos-Hajnal-Rado [65:144] asserts that for any f: [B8]Y — § there is an
H € [B]* such that f“[H]” # é. That is, f on [H]” omits at least one value,
a far weaker conclusion than for the ordinary partition relation. As with that
relation the focus is mostly on the case y < w, although Erdos-Hajnal [66] was
able to establish with a clever use of the Axiom of Choice that k —~[x]? for
any « (23.13), a result that was to impose an ultimate limitation on large cardinal
hypotheses. The main incentives in the study of square bracket relations lie in the
investigation of their possible negations as strong combinatorial propositions (see
Erdos-Hajnal-Maté-Rado [84] and Todorcevi¢ [87]).
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The version
B— ol _,

asserts that for any f: [8]” — § there is an H € [B]* such that | f“[H]"| < n.
Finally, as with the ordinary partition relation Erdos-Hajnal-Rado [65:156]

considered stronger forms:

B — [af5”

asserts that for any f: [8]<“ — § there is an H € [B]* such that f“[H]~* # §,
and

<w

B — lals2,

has the analogous meaning.
The basic Rowbottom discovery can now be stated:

8.1 Theorem (Rowbottom [64,71]). Suppose that k > A and xk > u > v > w.
Then the following are equivalent:

(@ (e, A) —> (u, <v).

0) k = [u]Z%,.

Proof. In the forward direction, suppose that f: [k]=“ — A. Consider the structure
A=k, 2 €, fllk])new -
By hypothesis, there is an H € [«]* with [A N H| < v such that
(H,ANH, €, fIlH Y new < A .

Clearly, this H is as desired.

For the converse, we Skolemize of course. Suppose that A = (A, R,...) is
a structure of type (k, A); it can be assumed by relabeling that A =k and R = A.
Let {h, | n € w} be a complete set of Skolem functions for A (§0), say with #,
k(n)-ary where k(n) < n. Define f: []” — X\ by

hn(&1, ..., &) If this is less than A , and
fGr .., 8) ={

otherwise .

By (b), let H € [k]* be such that | f“[H]"“| < v, and set B = |, h,“[HT™.
Then |B| = p and B is the domain of a structure (B,A N B,...) < A. Also,
NN B| <vasANB C f“[H]~*, and the proof is complete. =

It is a measure of modern sophistication that this characterization is nowadays
regarded as entirely straightforward, with the two statements considered synoptic;
of course, we are standing on the shoulders of Skolem [23].

Some forms of these transfer principles have simpler combinatorial equiva-
lences. In fact, before Erdos, Hajnal, and Rado developed their notations, they had

pondered ([65: 154]) the relation w; —> [a)l]ful’qul in connection with a problem
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of Ulam, a relation that turns out to be equivalent to Chang’s Conjecture. As an
aside, a generalization of this is established:

8.2 Proposition (Erdos-Hajnal [74:275] for n = 2). For 1 <n < o,

o, —> [o1]5°_, W on —> [}, _o, -

2

wi,<w)”

In particular, Chang’s Conjecture holds iff w; — [w]
Proof. The following will be established for n € w by induction:
(%) For any f: [w,]"” — wy, there is a g: [w,]" — w; such that: for any
s € [@,]=“ with |s| > n, there is a t € [s]" satisfying max(f“[s]~*) <
g().
The proof would then be complete, since given such f with corresponding g, if
H C w, and g“[H]" is countable, then sup(f“[H]<*) < sup(g“[H]") < w; and
so f“[H]=“ is also countable.
(%) for n = 0 is immediate, as [wy]® = {0} and so g(0) = sup(ran(f)) works.
Suppose next that (x) holds for n, and f: [w,+1]°” — w;. For o < w4 let
Po: & = w, be injective, and define fy,: [w,]"* — w; by

fa(x) = max(f“[p;" (x) U{a}]™) .
By the induction hypothesis, let g,: [w,]" — w; verify (x) for f,. Finally, define
g: [wp "' = o) by
g(1) = go(po"“(t — {})) where @ = max(z) .
If |s| > n 4+ 1 where @ = max(s), then
max(f“[s]™") = fo(pa"(s — {a})) < gu(y) for some y € [po“(s — {a}]"
= g(1) where 1 = p, ' (y) U {e} ,

and so the proof is complete. —

The exponent here is best possible in the sense that with GCH, w, —>
(a)z)Z;l by the Erdos-Rado Theorem 7.3. Todorcevi¢ [94] established in 1991
that Chang’s Conjecture is in fact equivalent to w, —> [a)l]ful; the exponent
here is best possible in the sense that with CH, 7.3 implies that w, —> (a)l)f),
and so w; —> [a)l],zul. Silver established in 1967 that if there is a « satisfying
k — (w1);“, then there is a forcing extension in which Chang’s Conjecture
holds (see Kurepa’s Hypothesis and Chang’s Conjecture in volume II).
Rowbottom Cardinals

The conspicuous feature of measurable cardinals that concerned Rowbottom is the
following. For w < v < «,
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<w

k is v-Rowbottom iff k —> [k]7 for any A <« , and
K is Rowbottom iff « is w;-Rowbottom .

By 7.14(c), a Ramsey cardinal is Rowbottom.

Gaifman (see 9.1) and Rowbottom independently and almost concurrently
established the first informative structural results about the incompatibility of large
cardinals with V = L. Whereas both Scott (5.5) and Gaifman made global use of
ultrapowers, Rowbottom showed how strong local conclusions can be derived from
partition properties alone. The following theorem typifies his results; although
they were soon subsumed by the definitive work of Silver (§9), Gaifman and
Rowbottom were first to make such remarkable statements about L and the low
levels of the cumulative hierarchy. The proof is notably short, benefiting somewhat
from hindsight:

8.3 Theorem (Rowbottom [64,71]). Suppose that there are k > A > w and
K > W > w such that (k,\) —> (u,< w;). (For instance, suppose that there
is a Rowbottom cardinal, or there is a « satisfying k —> (w1);“, or Chang’s
Conjecture (w;, w;) —> (w1, ®) holds.) Then w, is inaccessible in L, and so in
particular P(w)" is countable.

Proof. 1t suffices to show for any o < w; that P(a)” is countable, for then w;
being regular must be inaccessible in L.
Given such an «, let

-’4 = (LKa L}n SH ,B)ﬂﬁa )
a structure in a countable language. By hypothesis, there is a
B = <X’ Ra €, ﬂ)ﬂia < A

with | X| = u and |R| < w;. By 0.4, B has a transitive collapse 7, and by 3.3(a),
7T is of form
T - <Ly, S, €, ,B)ﬂfa

for some y > w. Let i be the inverse of the collapsing isomorphism, so that
i: T < Awith i(g) = B for B < a. If x € P(e) NL,, this implies that i(x) = x,
and since P(a)t C L,, C L,, it follows that x € S by the elementarity of i. But
also P(@) N L, = P(a)* since y > pu > w, and so P(a)l C S and is therefore
countable. =

Historically, Rowbottom’s first insight was the conclusion that any ordinal
definable in L (like |P(w)|*, |P(P(w))|", and so forth) is countable.

As one might have guessed, the restriction to countable languages in 8.1
and 8.3 is not essential. Rowbottom made a general statement along the lines of
8.1 about getting homogeneous sets simultaneously for collections of functions
corresponding to many Skolem functions, and then observed that Ramsey cardi-
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nals provide the requisite strength. The following are useful variants with single
functions:

8.4 Theorem (Rowbottom [64,71]). Suppose that (A, R, ...), where R C A, is
a structure for a (first-order) language with less than v non-logical symbols, and
|A| > k and |R| = A < k. Assume that either

(a) A=Y < k and k is v-Rowbottom, or

(b) . = v is regular and k —> [K];%2,.
Then thereisa (B,RN B, ...) < (A, R, ...) such that |B| =k and |[R N B| < v.

Proof. Assuming that A © « and R = A by relabeling and following the proof
of 8.1, let {h, | « < p} be a complete set of Skolem functions for the language,
where p < v and h,, is k(a)-ary.

First assume (a). Let f be the function on [«]<® defined by

fE &) ={her, .. 8) [a<p A n=k(@) A he(§r,....8:) €A}

Thus |ran(f)| < A”, and so there is an H € [«]“ such that | f“[H]~“| < v. Set
B=U,., he“[H]¥®. Then (B,ANB,...) < (A, X,...), and

ANB|l <|USfHT |l <p-|fH]™ <v.
Assuming (b) instead, define f on [«]<¢ from the f above by
FEr e 8) =sup(f G- E0) -

Then ran(f) C v by the regularity of A = v. The argument can now be completed
as before, invoking the regularity of v again to insure for the corresponding B
that A N B| < v. —

8.5 Corollary. Suppose that k is a Ramsey cardinal. Then:

(a) For any infinite o < k, |P(a)*| = |a|, and so every uncountable regular
A < k is inaccessible in L.

(b) Forany v < X <k, {k,A) = (k, ).

Proof. (a) This follows from the proof of 8.3 using uncountable languages.

(b) Given a structure (A, R, ...) of type (k, A) (in a countable language), let
S € [R]" and consider the expansion (A, R, ..., x)ies. Applying 8.4 with its v
replaced by v, this expansion has an elementary substructure

(B’RmBa""bX>x€S

such that |B| = k and |R N B| < v. But then, |R N B| = v because of the b,’s,
and the reduct (B, RN B, ... ) to the original language is of type (x, v). —

The postulation of Rowbottom cardinals marked a historic reversal, in that
it was designed for strong implications like 8.3 but does not appear to have sub-
stantial size consequences. The only evident constraint is the following:
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8.6 Exercise. For any A,

(@) AT —p [+ 175 ;.

(b) » —> [)‘]éf()\),«f(x)-
Hence, a v-Rowbottom cardinal « is either weakly inaccessible or has cofinality
less than v.

Hint. (a) For each B < A™ let f5: B — X be injective, and consider g: [AT]* — A
defined by: g(a, B) = fp(a).

(b) Let (yy | @ < cf(x)) be cofinal in «, and consider #: A — cf(A) defined
by: h(€) = the least o such that £ < y,. —

Karel Prikry showed that singular cardinals can exhibit strong partition prop-
erties:

8.7 Theorem (Prikry [70]). Suppose that k is a singular limit of measurable
cardinals. Then k is cf(k)T-Rowbottom.

Proof. Set v = cf(k), and let (k, | @ < v) be the increasing enumeration of a set
closed unbounded in « with ko = v and k., measurable for each « < v. Let
Uy+1 be a normal ultrafilter over 1 for @ < v, and define D by:

XeD iff XCk AN IAB<vwWaB<a<v—> XNkey €Uyt1),
so that D is a uniform filter over «. For s € [x]~“ set
type(s) = {{o, k) € v X o | |5 N (kg1 — Kko)| = k > 0} .

The following will be established:

(%) For any f: [«¢]=® — y with y < « there is an H € D such that:
for any s, s1 € [H]™ with type(so) = type(s1), f(s0) = f(s1) .

With at most v possibilities for type(s) it will follow that | f“[H]~“| < v, and
hence that « is vT-Rowbottom.
Consider for n € w the assertion:

(%), Forany f: [«]=“ — y with y < k there is an H C « such that:
(i) for every kqi1 > ¥, HNkgy1 € Uyy1 , and
(i) for any s, s, € [H]=“ with type(so) = type(s;) and
ltype(so)| = n, f(so) = f(s1) .

If f: [k]°® — y with y < « and for each n € w there is an H, satisfying (x), for
f, then by (i), (), Hx. € D, and by (ii), (x) is satisfied with H = ("), H,. Thus,
it suffices to establish (x), for every n € w by induction:

(x)o holds vacuously, so proceeding to the inductive step, suppose that (x),
holds, and let f: [k]=® — vy with y < k. For ¢ < v with x41; > y and
t € [ky]=%, define fi: [ke+1]"“ — y by: fi(u) = f(t Uu). By 7.17 there is an
X7 € Uyq1 homogeneous for f;. For o < v with k441 > ¥, set
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X(x = m{X;x | re [Kot]<w} — Ko

so that X, € Uy by kq41-completeness.
Next, for any (@, k) € v X w define f,x: [k]™ — y by

f@Uu) ift € [ky]=°, where u is some
fur(t) = (any) member of [X,]* , and

0 otherwise .

Sfax 1s well-defined by definition of X,. Let Hyx < k be for f, as provided by

().
Finally, set

H=UXo la<v Ay <ker1) N(WHax | (@, k) €V x ).

Then for k41 > ¥, H Nkgy1 € Uyyy by vT-completeness. Suppose now that
50, 81 € [H]=“ with type(so) = type(s;) and |type(so)| = n+ 1. Let o be maximal
such that (o, k) € type(sg) for some k, and set s =t Uug and s; = #; Uu; where
type(fo) = type(t;) with |type(so)| = n and type(uo) = type(u1) = {{e, k)}. Then
f(s0) = far(to) = fox(t1) = f(s1), confirming (), for f. =

Prikry also showed that a measurable cardinal can be maintained a Rowbot-
tom cardinal while changing its cofinality to @ by forcing (18.6). However, the
following is a major question that has remained impenetrable.

8.8 Question. Can w, be Rowbottom?

For related results, see 8.16 and remarks surrounding.
Several observations about how v-Rowbottom cardinals constrain power set
cardinalities, although not difficult, were made considerably later.

8.9 Proposition (Prikry [75]). Suppose that 2= = k and « is a regular v-
Rowbottom cardinal. Then for v < A <k, 2* =«.

Proof. As v < k = cf(k), there is a u < v such that 2* = k. Proceeding by
induction, suppose then that A < « and for u < A’ < A, 2% =, If A is singular,
a well-known argument establishes that 2* = «: Let (y, | @ < cf(L)) be cofinal
in A, and for X C A let fx on cf(A) be defined by: fx(«¢) = XNy,. Then X #Y
implies that fy # fy, and so 2* < (2<%)fW) = 2<» — .

Suppose next that A is regular. Similarly considering fx on A for X € X
defined by fx(e) = X Na, 2<* = k implies that there is a family F of 2*
functions: A — « that are almost disjoint, i.e. for f # g both in F, f(x) # g(a)
for sufficiently large o < A.

Assume now to the contrary that 2* > «. Since « is regular, for each f € F
there is a 6y < « such that ran(f) C &r. Consequently, there is a § < « and
a G € F with |G| = « such that f € G implies that §; = §. Enumerating
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G as (fe | & < k), define F: [k = A by: F(£,¢) = the least B such that
fe(@) # fr(a) for B < a < A. Since « is v-Rowbottom, there is an H € [«]*
such that |F“[H]?| < v. Now A is regular, and the assumption 2* > k together
with the hypothesis 2<" = « implies that v < A, and so y = sup(F“[H]?) < A.
But then, {f:(y) | £ € H} consists of « ordinals all less than A, which is a
contradiction. =

It follows that if 2" is v -Rowbottom, then for v < A < 2V, 2% = 2¥. The
following result complements 8.9.

8.10 Proposition (Tryba [86]). Suppose that 2=" < «k, and k is v-Rowbottom.
Then « is a strong limit cardinal.

Proof. Assume to the contrary that A < « yet 2* > k. Arguing as for 8.1, let
(M, €) < (Viiw, €) be such that M| = x = [M Nk| and [M NA| < v. Let
N be the transitive collapse of M, and j: (N, €) < (Vi1,, €) the inverse of the
collapsing isomorphism, so that j(xk) = x and j(§) = A for some § < v. By
assumption there is an injection: x — P(A) in V,,, and so there is an injection:
k — P(8) in N. But this contradicts the hypothesis 2<" < «. =

In particular, if w,, is Rowbottom and 2™ < w,, then w, is a strong limit car-
dinal. Further results along these lines appear in Tryba [86]. A similar argument
establishes the following:

8.11 Exercise (Tryba [81]). If « is v-Rowbottom and there is a limit cardinal
such that v < u < k, then «k is a limit of limit cardinals.

Hint. Assume to the contrary that A is the largest limit cardinal less than «. Let
Jji (N, €) < (Viiw, €) be as in the proof of 8.10 for this A. Now note that u is a
limit cardinal in M to derive a contradiction. —

It follows that w1, is not Rowbottom, and in fact the least Rowbottom car-
dinal > v, is > w,.,. Hypothesizing that x is an inaccessible cardinal, a Mahlo
cardinal, etc., lead to analogous results about the size of x. Also, the same means
establish that if « is v-Rowbottom and w, < k, then k = w,.

Little else is known about v-Rowbottom cardinals combinatorially or consist-
ency-wise which is not already a consequence of a related concept, to which we
now turn.

Jonsson Cardinals

An initiative from a different quarter completed the transition from the study
of ordinary partition relations to the consideration of an intrinsically interesting
algebraic problem. Bjarni Jonsson, a student of Tarski and a prime exponent of
transfinite universal algebra, posed in 1962 the following problem (see Jonsson
[72:3.9] for the context): For a cardinal «, does every algebra of cardinality «
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have a proper subalgebra of the same cardinality? Here, an algebra is a structure
A = (A, fi)new Where for each n, f,: [A]*™ — A for some k(n) € w; and a
subalgebra of it is a structure of form Ay = (Ao, f,|[A0]*™),c Where Ay C
A and f,“[A¢]*"™ < A,. Thus, these are standard model-theoretic notions for
a countable language with only function symbols. Jonsson queried specifically
about algebras with only finitely many operations, but the difference is inessential
because of coding. A Jonsson algebra is an algebra without a proper subalgebra
of the same cardinality. A Jonsson cardinal is one that has no Jonsson algebras
of that cardinality, or stated affirmatively,

Kk is Jonsson iff every algebra of cardinality « has a
proper subalgebra of the same cardinality .

Jonsson’s problem is thus: Are there any Jonsson cardinals?
As with Rowbottom cardinals, Jonsson cardinals were characterized combi-
natorially and model-theoretically:

8.12 Exercise (Erdos-Hajnal [66] for (b), Keisler-Rowbottom [65] for (c)). The
following are equivalent:

(a) k is Jonsson.

() ic —> []5°.

(c) Any structure for a countable first-order language with domain of cardi-
nality k has a proper elementary substructure with domain of the same cardinality.

Hint. For (a) — (b), if f: [k]™® — «k, consider the algebra A = {k, f|[k]")new-
(b) — (c) is as for 8.1. =

Keisler and Rowbottom thus saw that if k is v-Rowbottom for some v < k,
then k is Jonsson. By Skolemizing, they were able to incorporate predicates and
elementary substructures into Jonsson’s problem, and establish an extension of
Scott’s original result on L:

8.13 Proposition (Keisler-Rowbottom [65]). If there is a Jonsson cardinal, then
V # L.

Proof. Let k be Jonsson, and by 8.12(¢) let (B, €) < (L,, €) with |B] = k and
B # L,. By 0.4, (B, €) has a transitive collapse, and by 3.3(a), it must be (L, €).
Leti: L, < L, then be the inverse of the collapsing isomorphism. Since B # L,
i cannot be the identity and so has a critical point § by the argument for 5.1(b).
Now define U by:

XeU iff XeP®L A sei(X).

Since P(8)L € Ls+ € Ly, if V = L, then (cf. 5.6) U is a 8-complete ultrafilter
over § and hence that § is a measurable cardinal. But this contradicts Scott’s result
5.5. —
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The conclusion here is weaker than for 8.3, but in any case these results
were soon to be subsumed by the incisive work of Kunen (21.4) who showed that
the strongest conclusions in this direction can be derived from these hypotheses.
He also showed (20.23) that it is consistent with the existence of a measurable
cardinal that a cardinal is Jonsson iff it is Ramsey. However, even less is known
in ZFC about the size of Jonsson cardinals than of Rowbottom cardinals, and
this has become a major area of investigation; the initial observations were the
following:

8.14 Proposition.
(a) w is not Jonsson.
(b) (Chang, Rowbottom, Erdos-Hajnal [66]) If « is not Jonsson, neither is
'
(c) (Erdés-Hajnal-Rado [65: 145]) If 2“ = k™, then k™ —p [k ]2, and hence
is not Jonsson.
(d) (Rowbottom — Devlin [73:311]) The least Jonsson cardinal is either
weakly inaccessible or singular of cofinality w.

xt

Proof. (a) If f € “w is defined by f(0) = 0 and f(n) = n — | otherwise, then
{(w, f) is a Jonsson algebra.

(b) For k < o < «™, using a bijection let f, witness a«—/[k];“. Define
g [kT1™® — «t by: g(s) = fouls — {a}) if « = max(s) > «, and g(s) =
0 otherwise. Then g witnesses k™ —/ [k t]=2: If X € [kT]" and B < kt
is arbitrary, let « € X such that 8 < « and |X N«| = «. Then for some
te[XNal™, B = fu(t) =g {a}).

(c) Using 2 =kt let {X, | « <a <k} = [kT]¢ with X, C «. Then there
isan f: [kT]*> — k7 so that for any k < B < k¥,

(x) ifxk <a<pBandn<§p, thereisa & € X, such that f(§,8) =1 .

To show this, for such B8 let {{o;, ;) | i <k} ={{a,n) |k <a < B AN < B},
recursively define {& | i < «} so that & € X,, —{&; | j < i}, and then stipulate
that f satisfy f(&, ) = n; for each i < «.

To verify that f witnesses k™— [k T]2., let S € [kT]" and n < «* be
arbitrary. Take any @ < «* so that X, C S, and let 8 € § — (max({n, a}) + 1).
Then (x) implies that there is a £ € X,, such that f(&, ) = 7.

(d) Suppose that « is the least Jonsson cardinal. Then « is an uncountable
limit cardinal by (a) and (b), so assume to the contrary that v < cf(x) = X < «.
Let (uy | @ < XA) be an increasing sequence of cardinals closed and unbounded
in k with A < po. For each ¢ < X let f, witness py—7 o ;’f’, and define
f:[k]7” — k by:

fo(s — {a}) if @ = min(s) < A and max(s) < Uy , and
fs) = {

otherwise .
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Also, let g: [k]=® — k be any extension of a function witnessing A—A [A]5,
and let h: k — X be defined by h(£§) = that o such that u, <& < py41-
We shall show that

(i, fllx]", gllcT", Pnew

is a Jonsson algebra, arriving at a contradiction. So, suppose that X € [«]* is the
domain of a subalgebra. |X N A| = XA because of 4, and so X N A = A because
of g. Assume now that § < « is arbitrary. Let op < A such that & < pig,,
and by recursion choose o, < a1 < A such that |X N pg, | > We,. Set
B =sup({a, | n € w}) so that B < A as A = cf(x) > w. Then |X N ug| = ug
since the u,’s form a closed set of ordinals. Hence, fg“[(X N ug) — A% = ug,
and so by definition of f and the fact that 8 e A = X N A, £ € X. Hence X =«,
and with this contradiction the proof is complete. —

The proof of (b) was considerably elaborated by Shelah [80] to show that
there is a Jonsson algebra of cardinality ®; which is a group, answering an old
question of Kurosh.

Eugene Kleinberg observed that Jonsson cardinals have Rowbottom-like prop-
erties:

8.15 Proposition (Kleinberg [73]).

(a) If « is Jonsson, then there is an o < k such that k — [k]5¢. If & is the
least such o, then § is regular and k — [k]5%;.

(b) If k —> [k];* and X is not Jonsson, then k —> [K];%,;.

(c) The least Jonsson cardinal k is v-Rowbottom for some v < k; in fact, v
can be taken to be the § of (a) for the Jonsson cardinal.

Proof. (a) Assume that for each o < «, there is an f,: [k]*” — « witnessing
k—/>[x]5®. Then it is simple to check that f: [x]=” — « defined by f(s) =
Jfo(s — {a}) where o = min(s) (and f () = 0) witnesses k —[«]5“, which is a
contradiction.

To verify the assertion about 4, it suffices to show that & —> [«]35) _cis)-
So, assume to the contrary that this has a counterexample g. Let e: cf(§) —
8 be cofinal, and f, for « < § as above. Define h: [x]=“ — § by setting
h(&y,...,&) =0 unless n = 2/3/ for some i, j > 0, in which case

hr, ... 8) = feeen.enGivts -5 Eirj) -

Then it is straightforward to check that 4 witnesses k —/ [k ], which is a con-
tradiction.

(b) We shall verify that (k, A) —> (k, <A) (cf. 8.1). So suppose that S =
(A, R, ...) is a structure of type («x, A) where it can be assumed that A = x and
R = ), and let g be any function: [«]=“ — k extending a function witnessing
A—>[A]5“. Expand S to a structure A = (k, A, ..., g|[k]")new, and define a
function f: [k]=“ — A just as for 8.1 from a complete set of Skolem functions
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{h, | n € w} for A. By hypothesis there is an H € [«]“ such that f“[H]<® # A.
Set Ag = |, ha“[H]*™, so that

AO = <AOa AN A07 LR g|[A0]n>n€w <A.

If [A\NAg| = X, then AN Ay = X because of g, contradicting f“[H]<“ # A. Hence,
the reduct of Ay to the original language without g is an elementary substructure
of § of type («, p) for some p < A.

(c) This follows in a straightforward manner from (a) and (b). —

By 8.14(a)(b), w, is ostensibly the least possibility for a Jonsson cardinal.
Whether this can be realized is unresolved, and is essentially the same question
as 8.8 by 8.15(c) and the proof of the next result, which will be deferred until our
forcing context has been established (10.18).

8.16 Theorem (Kleinberg [72,79]). The following theories are equiconsistent:
(a) ZFC + 3k (x is Rowbottom).
(b) ZFC + Fk(x is Jonsson).

Devlin [73] also observed with simple forcing arguments that: (i) Con (ZFC
+ Jk(x is Jonsson)) implies Con(ZFC + i (k is Jonsson A x < 2%)), and (ii)
Con(ZFC + Jk(x is Ramsey)) implies Con(ZFC + 3k (k is Jonsson) + the least
Jénsson cardinal is not Rowbottom!). Then Silver in 1974 established with an
elegant argument that if @, is Jonsson and 2™ < w,,, then w, is measurable in
an inner model (see Kanamori-Magidor [78: 129ff] for a proof).

After this work, save for a paper Shelah [78] there was a hiatus in the study
of Jonsson cardinals per se until a resurgence of interest in the 1980’s. Then
developments in inner model theory established that the existence of accessible
Jonsson cardinals has substantial large cardinal consequences. Extending results
of Donder-Koepke [83], Koepke [88] showed for example that if there is a Jonsson
cardinal k such that k = wg for some & < k or k is regular but not k-Mahlo, then
for any A there is an inner model with . measurable cardinals. He also showed
that Prikry’s 8.7 is sharp in consistency strength for uncountable cofinalities: if
there is a Jonsson cardinal k such that w < cf(k) < k, then there is an inner model
with cf(x) measurable cardinals. Then Koepke [89] established that the existence
of a successor Jonsson cardinal, the most acute possibility, has far stronger con-
sequences than having many measurable cardinals. This complemented important
developments concerning such Jonsson cardinals:

First came the following observation:

8.17 Proposition (Tryba [84], Woodin). Suppose that X is regular and there is an
S stationary in X such that S N« is not stationary in o for any limit ordinal o0 < A.
Then A is not Jonsson. In particular, if k is regular, then k™ is not Jonsson.

Proof. By a well-known result of Solovay that will be later established in context

(16.9) there is a partition S = |J,_, S; of S into disjoint stationary sets S,.
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Let f: § — X be defined by: f(§) = that n such that £ € S,. Next, let
(A, €) < (Vigw, €) With AU {S, f} € A and |A| = A, and g: A — A a bijection.
Now consider the structure

A=(A e {8} f.8) .

Because of g, whenever B = (B, €, {S}, f|B, g|B) < A, |[B| = Aiff |IBNA| =2,
and B = A iff A C B. So, to establish that A is not Jonsson it suffices to show
by 8.12(c) that for such B, |B N A| = A implies that > C B:

Let C = {& < X | sup(BN§&) = &}, a set closed unbounded in A since
|[BNAl =A. Then CNS C B: Assume to the contrary that £ € (C N S) — B.
Let a be the least member of B N A above &. Then o must be a limit ordinal
as (B, €) < (Viyw, €) implies that B is closed under ordinal predecessors. So
S € B, (B, €) < (Vitw, €), and the hypothesis on S imply that there isa D € B
such that D is closed unbounded in « in the sense of B and D NS = @J. But then,
& € C and sup(B Na) = & implies that D N B N & is unbounded in &, reaching
the contradiction £ € DN S.

For any n < A, it follows that C N S,, € B, and since C N S, # ¥, there is a
& € §,N B. But then, g(§) =n € B. Hence, A C B.

The last assertion follows by taking S = {« < k™ | cf(a) = k}: For any limit
B < kT there is a set closed unbounded in B consisting of ordinals of cofinality
less than «, so that S N B is not stationary in S. =

With some elegant combinatorics, Todorcevi¢ improved this to the denial of
a partition relation for pairs:

8.18 Theorem (Todorcevi¢ [87:285]). Suppose that A is regular and there is an S
stationary in A such that S N « is not stationary in « for any limit ordinal o < A.
Then .—> [A]3. In particular, if  is regular, then k™ —p [k T]2..

Note that this considerably strengthens the implications 4.6(a) and 7.8(d) from
weak compactness. It also shows that the assumption 2 = ™ is unnecessary in
8.14(c) when « is regular. Whether or not w;—[w]; had been a prominent
problem of infinitary combinatorics for two decades (see Problem 15, Erdos-Hajnal

[71]).

The question of whether «* can be Jonsson when « is singular (without
assuming 2¥ = 1) remained, and seemed quite difficult. Although Shelah [78]
and Tryba [86,87] imposed several constraints, the focal case x = w, seemed
destined to be resolved eventually by a positive consistency result relative to some
strong hypothesis. So, it was somewhat unexpected when Shelah established in
1988 that unless a singular cardinal « satisfies some stringent conditions, «™ is
not Jonsson. This was one of the many fruits of Shelah’s rich pcf theory for the
study of powers of singular cardinals; see Burke-Magidor [90] or Jech [92] for an
exposition. The following theorem is illustrative; the hypothesis can be weakened
further.
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8.19 Theorem (Shelah). Suppose that a singular cardinal « is not the limit of
regular Jonsson cardinals. Then k% is not Jonsson. In particular, w,,, is not
Jonsson.

Todorcevi¢ also refined this to the partition relation for pairs; see Burke-
Magidor [90: 224].

8.20 Theorem (Todorcevic). Suppose that a singular cardinal « is not the limit
of regular cardinals )\ satisfying .. —> [k]i. Then Kkt —4 [K+]i+. In particular,
Ot 1 —7> [ww+1]§)wﬂ-

The overall question still remains open:
8.21 Question. If k is singular, does k™ —p [k ]2, ?

As was elaborated in some detail, interest in combinatorial ramifications of
Rowbottom’s work has persisted to the present day, primarily because of the
enticing possibility that strong partition properties can obtain in the low levels
of the cumulative hierarchy. We now return to the mid-1960’s, and Silver’s
dramatic amplification concerning L based on a concept that was just coming into
prominence: set of indiscernibles for a structure.
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9. Indiscernibles and 0*

Jack Silver was first a student at Berkeley and then joined its faculty in the 1960’s,
a time of great activity there in set theory. His remarkable results on 0% (“zero
sharp”) appeared in his 1966 dissertation [66], rivaled only by Kunen’s (see §19)
of a couple of years later for its impact on the development of set theory. This
section is devoted to Silver’s results. §14 discusses the definability of 0% and
related issues about the forcing method, a line of inquiry concurrently initiated
by Solovay. He and Silver independently isolated 0% in the context of Silver’s
analysis of L.

Silver was motivated by and extended the groundbreaking work of Gaifman.
A student of Tarski, Gaifman wrote his 1962 Berkeley dissertation on Boolean
algebras. Soon afterwards, he had turned to an altogether different subject, and
established a strong extension of Scott’s result on the incompatibility of measurable
cardinals and V = L:

9.1 Theorem (Gaifman [64]). Suppose that there is a measurable cardinal. Then:

(a) There is a closed unbounded class C C {o | Ly, < L} such that for

any infinite B, there is an o > B with || = |B| and o € C. This implies that
|P(x)E| = |x| for any infinite x € L.

(b) There is an a C w such that in Lla], C is a definable class and (a) holds.

This implies that arbitrarily large cardinals in L are no longer cardinals in L[a].

_|

Gaifman achieved these results using his method of iterated ultrapowers, a
method to be further exploited by Kunen (§19). With (a) Gaifman had indepen-
dently derived Rowbottom’s local conclusion 8.5(a), but moreover had shown for
the first time that drastic global consequences hold for L in the presence of a
measurable cardinal. Gaifman was not far away from some of Silver’s results
on 0%: 0% is a subset of w satisfying (b), and it uniquely determines a closed
unbounded class satisfying (a); beyond that, it incorporates a specific generating
scheme for L. The existence of 0" was a genuinely new structural principle, and
its isolation established the intrinsic necessity of large cardinals for transcendence
over L.

The story of 0% begins in model theory. Investigating the problem of getting
models of theories with a large number of automorphisms, Andrzej Ehrenfeucht
and Mostowski developed the concept of indiscernibility, and brought Ramsey’s
theorem 7.7 into model-theoretic prominence. For M a structure and X a subset
of the domain of M linearly ordered by < (not necessarily a relation of M),
(X, <) is a set of indiscernibles for M iff for every formula ¢(vy, ..., v,) in the
language of M and x; < ... <x, and y; <... <y, all in X,

Mlzgo[xl,...,x,l] lﬁlez‘P[yl,’Yn]

That is, for each n € w all increasing n-tuples from X have the same first-order
properties in M. Variants on this terminology, e.g. with (X, <) replaced by X
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when the < is clear, should be unambiguous. The following became a basic
ingredient of several important results:

9.2 Theorem (Ehrenfeucht-Mostowski [56]). Suppose that T is a theory with
infinite models and (X, <) is a linearly ordered set. Then there is a model M of
T such that X is included in its domain and is a set of indiscernibles for M.

Proof. Expand the language of T by introducing new constants ¢, for each x € X
and consider the theory T = T U{c, # ¢y | x # yboth in X}U{p(cy,, ..., cx,) <
(cy,, ..., ¢y,) @y, ..., v,) is a formula in the language of T and x; < ... < x,
and y; < ... < y, all in X}. It suffices to show that T is consistent, which by
the Compactness Theorem amounts to showing that every finite subset of T is
satisfiable.

Assume then that S C T is finite. Let .4 be an infinite model of 7', and
{a; | i € w} distinct members of the domain of A. Let m be the number of new
constants appearing among the members of S, and for k < m define f; on [w]*
by:

Sl oo i) = {o(ur, .o, v |
@(CyysovosCr) < @(Cy,..ic) €S N AEolai, ..., a1} .

Since S is finite, the range of f; is finite, so applying Ramsey’s Theorem 7.7 m
times there is an H € [w]® homogeneous for each f;. Hence, A satisfies S with
any m elements of {a; | i € H} assigned to the new constants appearing in S in
corresponding increasing order. =

Actually, Ramsey’s original application [30] of the finite version of his theo-
rem was essentially to get indiscernibles in a finite model context. Michael Morley
[65, 65a] drew attention to 9.2 by applying it to derive important results in model
theory. Since its proof proceeds by a compactness argument, it gives little infor-
mation about the resulting model. Silver pointed out that strong partition relations
directly provide indiscernibles for structures:

9.3 Theorem (Silver [66,71]). For infinite limit ordinals o, k —> (a)5* iff for
any structure M for a countable language with k a subset of its domain, there is
a set of indiscernibles X € [k]* for M.

Proof. Let {¢, | n € w} enumerate the formulas of the language so that ¢, has
at most the variables vy, ..., Ug) free where k(n) < n. Define f: [¢]* — 2
by: f(i,....&) = 0if M = ¢,[&, ..., &w], and f(&,...,&) = 1 other-
wise. Then any set homogeneous for f with ordertype a limit ordinal is a set of
indiscernibles for M.

Conversely, suppose that f: [k]=“ — 2 and X is a set of indiscernibles for
the structure (x, €, f|[k]")new. Then X is homogeneous for f. —
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Silver realized that because of the uniformity of the constructible hierarchy
L, if a sufficiently rich structure had enough ordinal indiscernibles, the theory of
the structure fueled by the class of ordinals in the role of indiscernibles can be
used to generate L. This harkens back to Gddel’s original impredicative use of
the class of ordinals to construct L by extending type theory, but the indiscernible
generation shifts the weight of the construction squarely on the theory and leads
to striking consequences about the distance between V and L.

Silver’s work is now cast into a series of lemmata that highlight the conse-
quences of the various conditions leading to 0. An observation of later signifi-
cance is that these results do not depend on the Axiom of Choice, and how each
apparent use can be avoided is described at its juncture.

By 3.3(a) there is a formula ¢y(vg, v;) that defines in L a well-ordering <,
of L such that: for any limit § > w and x,y € Ls, x <. y iff Ls = @ol[x, y].
For each formula ¢(vo, ..., vy) of Le, define the canonical Skolem term t, for ¢
using ¢o as follows:

to(Ui, ..o V) = V0 iff (YUni2m@Wmg2, V1, ..oy Un) A Vg =0) V

(o, V1, ..oy Um) A YUg1(@0(Umt1, V0) = =@ Ums1s U1y - vy Un))) -

For any M = (M, E) satisfying the requisite well-ordering properties with ¢g
(e.g. M is elementarily equivalent to some (Ls, €) with § a limit ordinal > w),
the corresponding expansion

(M, E. 1)),

can be considered where the well-defined interpretation té\’t is a Skolem function
for ¢ such that tqﬁ\’l (x1,...,Xxp) is the least y according to ¢, satisfying M =
o[y, x1, ..., x,] when one exists. Note that {t«{‘/l | ¢ is a formula of L.} is already
closed under functional composition by definability, and hence is a complete set
of Skolem functions for M. Consequently, for X € M the Skolem hull of X in
M can be taken to be well-defined, with domain

{t;‘/l(xl,...,xm) | ¢ is a formula of L¢ and xq,...,x, € X} .

This set is canonical: It coincides with the collection of those x € M such that {x}
is definable over M using parameters from X, since that collection is included in
any elementary substructure of M that includes X.

By Skolem term is meant one of the f,’s in this section

although their specific form will not matter until they are taken up again in sub-
sequent sections.

Theories with indiscernibles are considered next. Let £ be L. augmented
by constants {c; | k € w}. By an EM blueprint (for Ehrenfeucht-Mostowski) is
meant the theory in £% of some structure

(Ls, €, Xk)kew
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where § is a limit ordinal > w and {x; | k € w} is a set of ordinal indiscernibles
for (Ls, €) indexed in increasing order. A basic observation is that for any limit
ordinal 6 > w, any infinite set of ordinal indiscernibles for (L;, €) uniquely deter-
mines an EM blueprint: just take the theory of (Ls, €, x¢)reo for any increasing
subsequence (x; | k € w) of the indiscernibles.

For a theory T in LY, let T~ denote its restriction to Le, i.e. those sentences
of T with no occurrence of any cy.

9.4 Lemma. Suppose that T is an EM blueprint. Then for any o there is a model
M = M(T, ) of T~ unique up to isomorphism such that:

(a) There is a set X of ordinals in the sense of M of ordertype o (under
M’s ordinal ordering) that constitutes a set of indiscernibles for M. Moreover,
for any formula ¢(vy, ..., v,) of Lc an increasing n-tuple from X satisfies ¢ in
M exactly when ¢(cq, ...,cn—1) €T.

(b) The Skolem hull of X in M is again M.

Proof. By definition of EM blueprint, T has at least one infinite model. So,
the proof of 9.2 shows that there is a model satisfying (a). Taking the Skolem
hull of the indiscernibles in this model results in a model M that also satisfies
(b). (Suppose that the usual Henkin construction for the Completeness Theorem
had been used for getting the model satisfying (a), using the language £¢ with a
constant for each member of «. Then the resulting “term” model already satisfies
(b), and no appeal to the Axiom of Choice is necessary as the terms of £ inherit
a well-ordering from «.)

Suppose next that there were two such models, M and M, with correspond-
ing sets of indiscernibles X and X. Since X and X have ordertype r, let h: X — X
be the order isomorphism. Then /& extends to an isomorphism between M and
M: By (b), any element of M is of form ™ (xy, ..., x,) for some Skolem term
tand x1, ..., x, in X, and similarly for M and X. Hence, it suffices to show that
the map h given by

RM(x1, .. x) = M R(x), . h(x))

is an isomorphism: For any formula ¢(vy, ..., v,) and increasing n-tuple (xi, ...,
Xx,) drawn from X,

M= lxi, ..., x] iff o(cos....com1) €T iff Mi=olh(x)), ..., h(x,)].

Skolem terms are definable, so using particular formulas asserting the equality of
Skolem terms it can be checked that / is well-defined, i.e. does not depend on the
term descriptions, and that it is injective. Similarly, it preserves membership, and
clearly it is surjective. n

Particularly portentous is when M(T, «) is well-founded; it then has a tran-
sitive collapse, which must be of the form (L;, €) by 3.3(a). In that case,
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M(T, ) is identified with (Ls, €) .

By a standing convention (L, €) is usually denoted by Ls.

9.5 Lemma. Suppose that T is an EM blueprint. Then M(T, &) is well-founded
for every a iff

) M(T, a) is well-founded for every a < w; .
Proof. Assume that for some o, M(T, ) = (M, E) is ill-founded. Let

(a; | i € w)y € “M with a;y| E a; foreveryi € w .

(This does not require the Axiom of Choice as (M, E) inherits a well-ordering
from «, and so such a sequence is definable by recursion.) Each a; is of form
tM-E)(xy, ..., x;) for some Skolem term ¢ and indiscernibles xi, ..., x;, so let ¥
be the countable set consisting of the indiscernibles involved in these terms. If A/
is the Skolem hull of Y in M(T, ), then N is ill-founded, yet N' = M(T, B)
where 8 < w; is the ordertype of Y. =

This result motivates the use of a strong partition property to produce EM
blueprints with arbitrarily large well-founded models:

9.6 Lemma. Suppose that there is a « satisfying k —> (w1)5”. Then there is an
EM blueprint satisfying (1) of 9.5.

Proof. By 9.3, L, has an uncountable set of ordinal indiscernibles. Let T be
the corresponding EM blueprint. Then for any « < w;, M(T, «) is well-founded
since it is isomorphic to the Skolem hull in L, of the first & indiscernibles. -

(I) already yields Rowbottom’s conclusion 8.3:

9.7 Lemma. If there is an EM blueprint satisfying (1), then P(w)* is countable.

Proof. M(T,w,) = L; for some § > wy, so that P(w)* C Ls. In particular, if
a € P(w)k, then a = t% (xo, ..., x,) for some Skolem term ¢ and indiscernibles
X0 < ... < x,. Let (z; | i € w) be the increasing enumeration of the first w
indiscernibles. Since each k € w is definable,

kethi(xg,....x,) iff ketb(zo,...,20)
and hence a = t%5(zy, ..., z,). Since there are only countably many such forms,
P(w) is countable. -

The hypothesis of 9.6 entails the existence of an EM blueprint satisfying two
further conditions, from which some remarkable conclusions can be drawn. On
the basis of its proof, specify that
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(i) p is the least limit ordinal such that L, has a set of ordinal indis-
cernibles of ordertype w;
(i1) H is such a set of indiscernibles with the least possible wth element;
and
(iii) Ty is the corresponding EM blueprint.

9.8 Lemma. The following condition holds for T = Ty:

(I)  For any n-ary Skolem term ¢, T contains the sentence:
t(co,...,ch1) €0On — t(co,...,Cn1) < Cp .

Proof. Assume to the contrary that
t(co, ..., cn—1) €0On A ¢, <t(co,...,Cn1)

isin Ty for some ¢. Letzg < ... < z,—; be the first » members of our fixed set H of
indiscernibles for L ,, and set H=H—{zp,...,zp—1}and 8 = tLe(zo, ..., z4—1) <
p. By our assumption and indiscernibility, H C 8. Moreover, § can be taken to
be a limit ordinal. (If § = 8 + k where k € w, there are members of H below §
and so ¢, < t(cy, ..., ca—1) — k holds, and hence H C 3.)

It will now be shown that H is a set of indiscernibles for Ls, contradicting
the minimal choice of p: Suppose that x; < ... < x, and y; < ... < y,, are all

in H. Then for any formula ¢(vy, ..., v,),
(*) L5 izgo[xls'--a-xm]
is equivalent to L, = @5[x1, ..., x,], this relativization being possible as Ls; C

L, are transitive. Noting that L; is definable in L, from & (see Devlin [84:11§2])
and incorporating the definition of §, (x) is equivalent to

L,O Iza['xla <o Xms 205 -~~9Zn—l]
for some @. Analogously,

Ls = @lyt, .- oyml i Lo =@yt Yy 205 -+ -5 Zn-1]

Hence, the indiscernibility of H for L, implies the indiscernibility of H for Lj.
_{

The following characterization is immediate:
9.9 Lemma. An EM blueprint T satisfies (11) of 9.8 iff for any infinite limit ordinal
a, the set of indiscernibles corresponding to M(T, «) is cofinal in the ordinals of

the structure. —

Rowbottom was involved in this work, particularly in connection with the
following further condition (Devlin [73: 195]; Silver [71:77]):
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9.10 Lemma. The following condition holds for T = Ty:

(1)  For any (m + n + 1)-ary Skolem term 7, T contains the sentence:
1(Cos -+ Cngn) < Cm —>
I(C(), e Cm+n) - t(C(), ey C—15 Condn+1ls -+« 5 Cm+2n+1) .

Remark. This is known as the remarkable condition. By a simple indiscernibility
argument, the conclusion can be replaced by the self-refinement

t(CQ, '~~acm+n) = t(CO, "'7Cm—l’ck1’ "'7Ckn+1)

for any k| < ... < k41 with m < k;. Without further comment, this is how (III)
will be invoked.

Proof. 1t can be assumed that
t(Coy s Cpan) < Cm

isin Tp. Let H = (J{s: | & < wi} be a disjoint partition into sets consist-

ing of consecutive elements of H such that [so] = m, and |s,| = n + 1 and
max(sg) < min(sy) for 0 < & < n < wy. Let t(sp, s¢) for 0 < & < w; denote
159 (X0, o\ X1 Yo -+ ¥n), Where 5o = (X0, ..., X1} and s¢ = {yg. ..., )

in increasing order. It suffices by indiscernibility to derive a contradiction from the
assumption that ¢ (so, s¢) 7 t(so, s,) for some (and hence any) 0 < & < n < w;.
If t(so, ) > t(so,sy) for 0 < & < n < w;, there would be an infinite
descending sequence of ordinals. On the other hand, if #(so, s¢) < t(so, s,) for
0 <& < n < w then it is simple to see that {r(sp, s¢) | 0 < & < w;} would be a
set of indiscernibles for L,. However, the first element yg’ of s,, is the wth element
of H and #(so, S») < y§ by our initial assumption, contradicting the minimality
of the wth element of H. —

We now proceed to analyze those EM blueprints 7 that satisfy conditions
(D—(III). For such a T and for any «, temporarily let

(1 E<a)

denote the corresponding increasing sequence of indiscernibles for M(T, «). (IIT)
has the following primary consequence:

9.11 Lemma. If T is an EM blueprint satisfying ()—(I1I) and w < o < B with o
a limit ordinal, then the Skolem hull of {LET”S | &€ < a} in M(T, B) is L,, where

v =I'B. Consequently,

M(T,a) =L, and Lg’“ = LET’ﬂ forevery £ <a.

Proof. Let N be the stated Skolem hull. It suffices to show that On" = (I, as
the second sentence follows from the definition and uniqueness of M(T, «). For
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convenience, the superscripts 7*# for the indiscernibles will be suppressed in what
follows.
If o is an ordinal in V, then for some Skolemterm f and &y < ... < &,_; < «,

o= tM(T’ﬁ)(Lgo, cealg ) <lg < g

by (II) and as « is a limit. Conversely, if T < ¢4, then

M(T,
T=u ("3)(%,...,L;mfl,t,,o,...,t,,”) < ly

for some Skolem term u and indiscernibles in increasing order with £, < @ < 1.

By (D),

M(T,
T = w1 )

and this is in AV as « is a limit ordinal. —

Thus, for any EM blueprint 7 satisfying (I)~(III) and any &, unambiguously
set
LgT = t;’a for some (any) limit ordinal o > &, and

I" ={f | &£ €On}.

9.11 has a host of consequences:

9.12 Lemma. Suppose that T is an EM blueprint satisfying (1)—-(111). Then:
(@) L‘sT < LL[r when & < ¢.
(b) |Lg| = |&] 4+ R for every &.
(c) 1T is a closed unbounded class of ordinals.
(d) For any cardinal ) > o, [ = e I” and so M(T, %) = L;.
(e) T is the only EM blueprint satisfying (1)—(11L).

Proof. (a) for infinite limit ordinals £ < ¢ follows directly from 9.11. Conse-
quently, it holds for arbitrary & < ¢ by an indiscernibility argument within some
sufficiently large LL;.

If o is an infinite limit ordinal, then L, is the Skolem hull in itself of
{tf 1 & < ) by 9.11. Hence, || = || and so (b) follows for every &. (c) also
follows, since {t} | & < &} is cofinal in ¢ by 9.9.

(d) is a consequence of (b) and (c).

Finally, for (e) note that 7' is the theory of (L, , €, @Wy+1)new by (d). —

Assuming (a) and (d), L is the union of the elementary chain (L, | A > w is
a cardinal), so that the satisfaction relation for L can be defined in ZFC by:

L = ylai,...,a,] iff L, =¢lai,...,a,] for some (any)
A > w such that a;,...,a, € L, .

In particular, a truth definition for L can be given by
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LEo iff L, Eo

for sentences o. Thus, the set of (Godel numbers of) sentences true in L is
constructible. It cannot be definable in L by the undefinability of truth, but of
course (the real) w; being indiscernible is not definable in L. With the satisfaction
relation for L in hand, assertions like the following are directly formalizable in
ZFC.

9.13 Lemma. Suppose that T is an EM blueprint satisfying (I)—(1l1). Then:

(a) Ll;- < L for every &.

(b) C is a closed unbounded class of ordinal indiscernibles for L such that
the Skolem hull of C in L is again L iff C =1".

Proof. It is only necessary to verify the forward direction of (b): Note that CNIT
is infinite, so that the EM blueprint corresponding to C is again T. Let h: C — IT
be the order-preserving bijection. It follows by the uniqueness argument for 9.4
that i extends to an isomorphism #: L — L. But then, 7 must be the identity
(else it would move some ordinal, removing it from the range). Hence, C = I7.

_|

With 9.12(e) in hand, stipulate that
0" is that unique EM blueprint satisfying (I)~(III)
if there is one, acceding to the accepted solecism
0" exists

for: There is an EM blueprint satisfying (I)—(III). Through a recursive arithmeti-
zation of L%, 0" is regarded as a subset of @. While Silver had concentrated on
the theory, Solovay [67], the source of the # notation, emphasized its construal as
a subset of w. The sense of “0" exists” will be clarified by a later absoluteness
result (14.12) according to which the set 0% ¢ L, yet remarkably there is a formula
that defines 07 in any model of ZF containing it. Dropping the superscript 7 in
9.12 and 9.13 by uniqueness, the following is a Hauptsatz summarizing Silver’s
results:

9.14 Theorem (Silver [66,71]).

(a) 0% exists iff some Lgs has an uncountable set of indiscernibles. Hence, if
K —> (w1)5 for some k (e.g. if « is measurable), then 0" exists.

(b) 0% exists iff there is a class I of ordinals characterized by: I is a closed
unbounded class of indiscernibles for L such that the Skolem hull of I in L is
again L. Moreover, with (1z | § € On) the increasing enumeration of I it has the
Jollowing properties: If & < ¢, then L, < L, < L and |ig| = |§| + R s0 that 1
contains every uncountable cardinal, and for any limit ordinal o > w the Skolem
hull of {1z | € < a}in L, is again L,,. —
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Thus, Gaifman’s 9.1 conclusions have been extended in an ultimate way:
the existence of 07 is an intrinsic principle that provides a complete scheme for
constructing L using one theory and a generating class of ordinal indiscernibles.
Silver also reduced Gaifiman’s hypothesis to k — (w;);*. With the next result
he showed that this reduction is sharp in the hierarchy of Erdos cardinals:

9.15 Theorem (Silver [66,70]). Suppose that M is an inner model of ZFC,
o< w{” and k — (@)5*. Then (k —> (oc)tf‘“)M. Hence,

Con(ZFC + IxVa < w;(k —> (a)5?))
implies
Con(ZFC + IVa < wi(k — (@);*) + 0% does not exist) .

Proof. Suppose that f: [k]<” — § with f € M. A set in M of ordertype o must
be found homogeneous for f. Since & < w{’, let g: @ — « be a bijection with
g € M. Set D = {d | d is an order-preserving injection: g“n — «k for some n,
whose range is homogeneous for f}, and define a partial ordering < on D by:
d <diff d Dd. Since g € M and (k<) = k=, (D, <) € M. It is
straightforward to see that the following is a theorem of ZFC:

< is ill-founded iff there is a set of ordertype « homogeneous for f .

It thus follows that < is ill-founded in V. But then, < is ill-founded in M by
absoluteness (0.3), and hence the above theorem used in M yields the desired
result.

The last assertion follows from taking M = L; by 9.7 (there is no EM
blueprint satisfying (I))~. -

Note that M need only model one theorem of ZFC of sufficient strength to
carry out the foregoing argument, and that the superscript “<w” can be replaced
by “n” for any particular n € w.

There have been further developments in the study of combinatorial properties
that imply the existence of 07, Kunen showed that if there is a Jonsson cardinal,
then 0 exists (21.4). Devlin-Paris [73] showed how to get 0% from a combinatorial
consequence of k —> (w1);“. Baumgartner-Galvin [78] formulated a generalized
version of Erdos cardinals sensitive to the possible EM blueprints produced, and
provided sharp implications about 07 in their framework.

Finally, there is a straightforward way to get an equivalence, at the cost of
incorporating inner model hypotheses. For an inner model M,

N - (@)

asserts that for every function f: [#n]=” — 2 such that f € M, thereisan X € [n]*
(not necessarily in M) homogeneous for f.
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9.16 Exercise (Gloede [72: 153]). The following are equivalent:
(a) 0% exists.
(b) For every cardinal A > w, A LN M)5e.

(c) For some n, n —L> (@1)5°. B

If 0% does exist, it is not unexpected that there are consequences of large
cardinal character, especially about the indiscernibles {tz | £ € On} themselves.

9.17 Theorem. Assume that 0% exists. Then:
(a) There is an elementary embedding: L < L.
(b) (i¢ is totally indescribable)” for every &.
(c) |P(x)t| = |x| for every infinite x € L.
@) (i — (a)2<“’)L for every & and o < a)lL.

Proof. (a) Any order-preserving injection 4 from {iz| & € On} into itself extends

uniquely to an i: L < L defined by:

Rt e,y o oote) = tE(hGe), ... h(tg,))

(cf. the proof of 9.4). Any such & which is not the identity thus induces an
elementary embedding that moves some ordinal.

(b) By indiscernibility, it suffices to show that ¢ is totally indescribable in
L. Let h be any map as above such that &(ty) > ¢o. Then ¢ is the critical point
of h: L < L: If § :tL(Lgl,...,Lgn) <o with & < ... < &, then

h(S) =t (h(te), ..., () = t5 (e, . 1e,) = 8

by (III). The argument for 6.6 now shows that ¢y must be totally indescribable in
L.

(c) By (b), the (real) cardinal |x|" is inaccessible in L.

(d) It suffices by indiscernibility to establish the property assuming that g
is a cardinal A > . Suppose then that f:[A]~“ — 2 and f € L. Then
f o= tt(ey, - tg s legs -+ -5 L) Say, with the indiscernibles in increasing or-
der and ¢z, , < A = 1, < 1. By an indiscernibility argument it follows that
{tg, ,+1+8 | B € a} is homogeneous for f. Hence by 9.15, there is a homoge-
neous set in L of ordertype . =

Digressing briefly, a proof of 7.16 is sketched as previously promised:

9.18 Exercise (Reinhardt-Silver [65]). There is a totally indescribable cardinal
below k(w).

Hint. Let k = k(w), W a well-ordering of V,, and I, a set of indiscernibles of
ordertype w for (V,, e, W). Let H < V, be the Skolem hull of /; in V, with
respect to Skolem functions defined with W, H, the transitive collapse of H, and e
the inverse of the collapsing isomorphism. Note that Hy, H, and V, are all models
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of ZFC since « is inaccessible. As in the proof of 9.17(b), any order-preserving
injection h: Iy — Iy which is not the identity induces an elementary embedding
h: Hy < Hp whose critical point é satisfies Hy = ¢ is totally indescribable. But
then, e(8) is totally indescribable, since it is so in H and hence in V,. —

Sharps

The formulation of 07 for L can be relativized in a straightforward way to inner
models L[a] (§3) for sets a € On to produce corresponding sets a” € On. Hence,
# can be considered as an operation on sets of ordinals, with 0% for L = L[0].
Suppose that a is a set of ordinals, say with « = Ua, which can be taken to be
infinite to avoid trivialities. An EM blueprint for a is the theory of some structure

<L5[a]’ €, Xk, A, g)kew.éftx

where § > « is a limit ordinal and {x; | k € w} is a set of ordinal indiscernibles
for (Ls[al, €, a, §)s< indexed in increasing order. To get an EM blueprint for
a satisfying (the analogues of) the conditions (I)—(IIl), uncountably many ordinal
indiscernibles are needed for a structure M for a language with |«| non-logical
symbols. For this purpose, instead of the special argument of 9.3, if {¢, | ¢ < |a]|}
enumerates the formulas of the language with ¢, having at most the variables
vy, ..., Uk free, the function

FG &) ={t <l [ k(@) =n A M E ¢lé,.... &l
can be used. Consequently, a cardinal « satisfying the partition property
Kk —> (@1)5

suffices. All further details go through with little change to procure a unique
EM blueprint a* satisfying (I)~(IIT) which through coding can be regarded as a
subset of ||, and a corresponding closed unbounded class of ordinal indiscernibles
I, for (L[a], €,a,&)¢<y. a” for a €  hold the main interest because of the
intrinsic importance of the reals, construed here as subsets of w. (From 14.16 on,
a shift is made to a” for reals a construed as members of “w.) No excursion into
uncountable languages is then necessary:

9.19 Theorem. If k —> (w1);* for some «, then a* exists for every a C .
_{

The isolation of 0% was the culmination of a flow of ideas from early efforts
in the partition calculus, through the infusion of model-theoretic techniques, to
the investigation of L. After Silver’s results on 0" together with Solovay’s on its
definability (§14) established its intrinsic importance, further results provided new
structural insights. Kunen soon showed (21.1) that the converse of 9.17(a) holds:
If there is an elementary embedding j: L < L, then 0" exists. This result provided
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a simple paradigm for transcendence over inner models M, namely the existence
of an elementary embedding: M < M. Then in 1974, Jensen established his
celebrated Covering Theorem (see volume II), easily the most important result of
the 1970’s in set theory: 0% does not exist iff for any uncountable set X < On,
there is a Y € L such that Y 2 X and |Y| = |X|. Not only does this result
provide a surprisingly weak condition for the existence of 0, but it implies in
the absence of 0" that some of the regular behavior of cofinalities in L lifts to
V. These results have buttressed the existence of 0 as the focal hypothesis of
transcendence over L.



Chapter 3

Forcing and Sets of Reals

This chapter describes the first advances using Cohen’s method of forcing that
involved large cardinals and the first applications of large cardinals in descriptive
set theory. Cohen’s creation transformed set theory, and large cardinal hypotheses
played an increasingly prominent role as a consequence. §10 discusses the devel-
opment of forcing, reviews the basic theory, and then focuses on mild extensions
and the Levy collapse. §11 is devoted to Solovay’s inspiring result that if there
is an inaccessible cardinal, then in an inner model of a forcing extension, every
set of reals is Lebesgue measurable. §12 reviews the historical development of
descriptive set theory and establish a working context, one in which the classical
results are established in §13 through to a delimitation established by Gddel with
L. This sets the stage for the further results about large cardinals and projective
sets, a major direction of set-theoretic research from the mid-1960’s onwards.
§14 describes Solovay’s germinal work on E; sets that grew out of his Lebesgue
measurability result, and his results and conjectures on the definability of sharps.
Then §15 describe how Martin used sharps to extend the methods of classical
descriptive set theory to the analysis of E; sets.
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10. Development of Forcing

In April of 1963 the analyst Paul Cohen of Stanford University circulated notes
sketching proofs of the independence of the Axiom of Choice from ZF and of
the Continuum Hypothesis from ZFC. These proofs, of course, were the inau-
gural examples of his technique of forcing for extending models of set theory.
Cohen lectured on his results on 3 May 1963 at the Institute for Advanced
Study, and then two articles [63,64] on the CH result were quickly communi-
cated by Godel to the Proceedings of the National Academy of Sciences U.S.A.,
where his own consistency results with L had appeared a quarter of a century
before.

Stirred by clear indications of a general procedure in Cohen’s breakthrough,
logicians close at hand soon developed the theory of forcing and began to es-
tablish further results with it. By mid-1963 Solomon Feferman at Stanford had
results in first- and second-order arithmetic and on the Axiom of Choice, and ar-
riving there in the summer Levy quickly obtained further results elaborating AC.
Then two results displaying a notable sophistication were established at Princeton
University: William Easton’s [64,70] in late 1963 on powers of regular cardi-
nals by class forcing, and Solovay’s [65b,70] in mid-1964 that if there is an
inaccessible cardinal, then in an inner model of a forcing extension, every set of
reals is Lebesgue measurable. This preparatory section discusses the development
of the forcing method and sets the stage for its interplay with large cardinals,
especially toward Solovay’s result. See Moore [88] for more on the origins of
forcing.

Forcing provided a remarkably general and flexible scheme with strong in-
tuitive underpinnings for establishing relative consistency and independence. Ac-
cording to Scott (Bell [85:ix]): “Set theory could never be the same after Cohen,
and there is simply no comparison whatsoever in the sophistication of our knowl-
edge about models of set theory today as contrasted to the pre-Cohen era.” In
retrospect one can point to precursors of forcing in the Beth semantics for intu-
itionistic logic (see Dummett [77: §5]); in the study of 2-valued homomorphisms
of Boolean-valued models (see Rasiowa-Sikorski [63: VIII]); in Stephen Kleene
and Emil Post’s argument for producing incomparable Turing degrees (see Ler-
man [83:11§2]); and especially in Clifford Spector’s two-quantifier argument for
producing minimal Turing degrees (see Lerman [83: V§2]). However, Cohen was
unaware of these adumbrations and started with simple and basic intuitions. His
particular achievement lies in devising a concrete procedure for extending models
of set theory in a minimal fashion without altering the ordinals. Scott continued
(Bell [85:1x]):

I knew almost all the set-theoreticians of the day, and I think I can say that no one could

have guessed that the proof would have gone in just this way. Model-theoretic methods

had shown us how many non-standard models there were; but Cohen, starting from very

primitive first principles, found the way to keep the models standard (that is, with a
well-ordered collection of ordinals).
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Set theory had undergone a sea-change, and beyond how the subject was enriched,
it is difficult to convey the strangeness of it.

Beyond his initial articles [63, 64] Cohen provided a further account [65] and
then a full exposition in the monograph [66] based on his lectures at Harvard
University in the spring of 1965. Later, he expressed his own philosophical views
on the foundations of set theory in a contribution [71] to the Axiomatic Set Theory
conference held during the summer of 1967 at the University of California at Los
Angeles (U.C.L.A.). By all accounts this was one of those rare, highly exhilarating
conferences that both summarized the progress and focused the energy of a new
field opening up.

Cohen first discussed and compared the realist and formalist positions in
mathematics. He considered ([71: 11£f]) that as regards the existence of a measur-
able cardinal “there seems absolutely no intuitively convincing evidence for either
rejection or acceptance.” Concerning CH he reckoned that it may well come to
be accepted as false ([71:12]): “The justification might be that the continuum,
which is given to us by the power set construction, is not accessible by any pro-
cess which attempts to build up cardinals from below by means of a construction
based on the Replacement Axiom. Thus C [i.e. 2] would be considered greater
than Ry, X,, R, etc.” Presumably then, 2™ would have to be weakly inaccessi-
ble. Cohen’s speculation here was from a realist perspective, one advocated more
directly in [66: 151].

Acknowledging the influence of Robinson [65], Cohen [71:13] then came
down on the formalist side. He continued (p. 14):

Another example of how repeated exposure dulls the critical faculties is the Axiom of

Inaccessible Cardinals. The usual justification given for assuming it is a negative one,

namely that it is unreasonable to think that every set is accessible. The analogy is drawn

with the passage from finite to infinite sets. If one performs by induction a transfinite

sequence of suitable closure operations, it is argued, we can still go further and presumably

find an inaccessible cardinal beyond. However, I feel that this is a specious argument,

since it tends rather to justify the existence of a standard model for set theory, which is an

incomparably weaker assertion. A more honest reason for accepting inaccessible cardinals

is that experience has shown that they do not lead to contradictions and we have developed
some kind of intuition that no such contradiction exists.

This point of view stands in distinct opposition to those of Zermelo [30](§1) and
Godel [47](§4).

Cohen’s concluding remarks notably anticipate later progress in large cardi-
nals, but are tempered by an undercurrent of doubt and uncertainty:

Yet mathematics may be likened to a Promethean labor, full of life, energy and great
wonder, yet containing the seed of an overwhelming self-doubt. It is good that only
rarely do we pause to review the situation and to set down our thoughts on these deepest
questions. During the rest of our mathematical lives we watch and perhaps partake in
the glorious procession. Great questions of set theory that seemed untouchable eventually
yield. New axioms are investigated and larger and larger cardinals are somehow brought
closer to our intuition. Through all this, number theory stands as a shining beacon. If, as
T hope does not happen too often, our doubts begin to overpower us, we retreat back into
the safe confines of number theory until refreshed, we venture out again into the unsafe
ground of set theory. This is our fate, to live with doubts, to pursue a subject whose
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absoluteness we are not certain of, in short to realize that the only “true” science is itself
of the same mortal, perhaps empirical, nature as all other human undertakings.

It is notable that in comments made two decades later, Cohen was to stress
the formal solution of the Continuum Problem, without further speculating on the
falsity of CH (Albers ef al. [90: 54]):

Certainly Godel himself had the platonic view that the question demanded an absolute

answer and that, therefore, neither his proof of the consistency of the continuum hypothesis

with the axioms of set theory nor mine of its independence from them was the final answer.

My personal view is that I regard the present solution of the problem as very satisfactory.

I think that it is the only possible solution. It gives one a feeling for what’s possible and

what’s impossible, and in that sense I feel that one should be very satisfied...There will be

philosophical papers, but I don’t think any mathematical paper will say that there is any
answer other than the answer that it’s undecidable.

Forcing was quickly forged into a general method, particularly by the efforts
of Solovay. He above all epitomized this period of great expansion in set the-
ory, with his mathematical sophistication and fundamental results with forcing,
in large cardinals, and in descriptive set theory. Following initial graduate study
in differential topology, Solovay focused his energies on set theory after attend-
ing Cohen’s 3 May 1963 lecture. He first extended the independence of CH by
characterizing the possibilities for the size of the continuum ([63, 65]), and then
generalized forcing to arbitrary partial orders and dense sets. He next established
his Lebesgue measurability result during March-July 1964 ([70:1]). Then with
Stanley Tennenbaum he worked out the iterated forcing proof of the consistency
of the classical Suslin Hypothesis in June 1965 (Solovay-Tennenbaum [71:201]).

Complications in describing when a formula holds over a range of generic
extensions soon led Solovay to the idea of a Boolean value for the formula. It
turned out that Petr Vopénka had developed a similar concept in a reworking [64]
of the independence of CH. (Notably, this paper contains the remark that any
inaccessible ¥ can be made weakly but not strongly inaccessible by rendering
2% >k and preserving cardinals.) The conception was generalized and simplified
in a series of papers on the so-called V-models from the active Prague seminar
founded by Vopénka (see Hajek [71:78]), culminating in the exposition Vopénka
[67]. However, the earlier papers did not have much impact, partly because
of an involved formalism in which formulas were valued in a complete lattice
rather than Boolean algebra. Working independently, Scott and Solovay developed
the idea of recasting forcing entirely in terms of Boolean-valued models, and
came up with a formulation essentially equivalent to Vopénka’s. The method is
completely general, since any partial order can be “completed” in a natural way
to get a complete Boolean algebra. Scott popularized this approach in his own
reworking [67] of the independence of CH and in lecture notes distributed at the
1967 U.C.L.A. conference.

Boolean-valued models first showed how to avoid Cohen’s ramified language
connection with the L hierarchy and his dependence on a countable €-model. With
their elegant algebraic trappings and seemingly more complete information, they
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held the promise of being the right approach to independence results. J. Barkley
Rosser wrote a book on the subject entitled Simplified Independence Proofs [69],
and the initial iterated forcing paper Solovay-Tennenbaum [71] was written in
terms of Boolean-valued models. But already at U.C.L.A., the lucid lectures
of Joseph Shoenfield [71] had demonstrated that forcing with partial orders can
accommodate the gist of the Boolean approach in a straightforward manner. More-
over, Boolean-valued models were soon found to be too abstract and unintuitive
for establishing new consistency results, so that within a few years set theorists
were generally working with partially orders. It is a testament to Cohen’s concrete
approach that in this return from abstraction, even the use of ramified languages
has played an essential role in careful forcing arguments at the interface of recur-
sion theory and set theory.

During this period new set-theoretic results were being established at a bewil-
deringly fast pace, in the first wave of applications of forcing and the coordinated
elaboration of large cardinals. A timely survey by Adrian Mathias, circulated in
typescript soon after the U.C.L.A. conference and eventually appearing as Mathias
[79], played an influential role in communicating and systematizing these devel-
opments. In particular, it was a vital source for graduate students at Berkeley who
were later to become prominent set theorists, like James Baumgartner, Richard
Laver, and William Mitchell.

Forcing Preliminaries

The basics about forcing through two-step iterations as presented in the texts Kunen
[80], Jech [78], or Bell [85] are assumed. By and large, the rather standard partial
order approach and terminology of the first text is adopted; the Boolean-valued
approach is integrated into the second and prominent in the third. Anticipating the
wide-ranging use of forcing in volume II, the salient and sometimes distinctive
features are described in what follows:

For forcing purposes, a partial order (p.o.) is a partially ordered set (P, <)
that has a maximum element denoted by 1, and for p, g € P (the conditions)

p < gq iff p extends or refines ¢q ,

i.e. less (in <) is more (informative). This conforms to the Boolean-valued ap-
proach and suggests that p allows fewer models than ¢g. For simplicity (P, <) is
usually denoted by P, but if there is a need to be specific, <p is written for <
and 1p for 1.

It is not necessary to assume that < is antisymmetric (see Kunen [80: 52ff])
and in iterated forcing arguments the naturally defined orders are not. However,
for convenience in such situations

p and ¢ are identified whenever p < g and ¢ < p

(so that 1p is the maximum element), effectively passing to a p.o. of equivalence
classes, but avoiding awkward notation.
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Set:

p |l ¢ iff pand g are compatible, i.e. Ir(r < p A r <gq).
p L g iff pand g are incompatible, i.e. =(p || q) .

For D C P,

D is dense (in P) iff Yp e P3d € D(d < p) .
D is predense (in P) iff Vp e P3d € D(d | p) .
D is dense open (in P) iff D isdense A Vd € DVpe P(p <d — peD).
D is an antichain (in P) iff Vp,qe D(p#q — pLgq).
D is an antichain below p iff D is an antichain in {g | g < p} .

If D is either dense or a maximal antichain, then it is predense.
Suppose that M is a transitive €-model of ZFC. Then for any set x,

M| x] is the smallest transitive €-model of ZFC including M U {x},
assuming one exists. For a p.o. P€ M and G C P,

G is P-generic over M iff
() Vp,qeGIreGor<p ANr=<q),
(i) VpeGYVge P(p<q — qe€G), and
(i) VDS P(Ddensein P A DeM — GND#P).

Here, “dense” can be replaced by “predense”. For such G, it is simple to see that
for any maximal antichain A C P with A € M, AN G has exactly one element;
more generally, if p € G and A is a maximal antichain below p with A € M,
then AN G has exactly one element. In forcing arguments, M is the ground model
and M[G] the generic extension. Trivial p.o.’s leading to M = M[G] are allowed
to facilitate the statements and proofs of theorems.

No particular formalization of the forcing language is adopted, but the fol-
lowing are specified about the names (forcing terms): Names (or P-names if there
is a need to be specific) are denoted by dotted letters, like 7, and their interpreta-
tions in a generic extension M[G] by ¢ or M[¢]. This approach is taken with
terms definable in the language of set theory, e.g.

w; 1s a name for the second uncountable cardinal

in the generic extension. A basic observation is that a set x belongs to M[G]
iff x is definable in M[G] from G and finitely many elements of M, and hence
corresponds to a name. If x € M, then X denotes the canonical name for x, so
that X¢ = x for every P-generic G over M. As is customary, o is written instead
of & for ordinals & € M, since ordinals are absolute for all generic extensions. G
is the canonical name for the generic object, and V the canonical name for the
ground model. By this means, the ground model can be considered a (definable)
class, and hence an inner model, in any generic extension.
The forcing relation for P is denoted by
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plr o,

ke ¢ iff 1p IFp ¢ , and
pllp ¢ iff pdecides ¢, ie. p|tp @orpltp —¢.
The subscript P is suppressed when clear from the context, which should also
differentiate from || used for compatibility of conditions. Specific formulas ¢ are
rendered in mathematical English, only set apart by the Quinean quotes | | when a
misreading is possible. | is the standard, deductively closed relation, historically
called “weak forcing” and differing from Cohen’s original relation (see Kunen
[80:235ff]). Among its well-known properties is the Maximal Principle:

and

If p|F3xex,t,...,1), then for some name 7, p |F ¢, f1,...,1,) .

This requires the Axiom of Choice in the ground model and is crucial in several
arguments. Finally, the canonical names G for the generic object and V for the
ground model satisfy the following for any p, ¢ € P and name 7, in conformance
with the recursive definition of the forcing relation for atomic formulas:

plkGeG iff Vr<pIs<rs<q).
plkieV iff ¥r<pids<rix(s|FXx=10).

Forcing consistency results are usually stated syntactically, in terms of the
existence of a p.o. P so that for the desired assertion ¢, |Fp ¢. This succinct
formulation makes the closest approach to the corresponding finitary relative con-
sistency result, as |fp o for any ZFC axiom o and |Fp is deductively closed.
However, as is the usual practice proofs are often given semantically as foreshad-
owed by the discussion of transitive €-models, and corresponding to the syntactic
formulations V is regarded as the ground model and generic extensions V[G] are
“taken”. With this in mind,

P-generic means P-generic over V.

This of course runs counter to the Cantor-Godel view of the class V = {x | x = x}
as the universe of all sets, and the travesty is often compounded by talking of
extensions of V[G]. However, it is well-known that this semantic approach can
be regarded as merely une facon de parler for formalizable arguments about forcing
relations, and it not only taps a vital source of intuitions about forcing but is often
the only way to render arguments intelligible.
An important feature of the theory is that generic extensions can be identified
through embeddings of the corresponding p.o.’s: For p.o.’s P and Q,
i: P — Q is a complete embedding iff
() Vp,qe P(p<q — i(p) <i(q),
(i) Vp,qge P(p Lq — i(p) Li(g)),and
(iii) if A is a maximal antichain in P,
then i“A is a maximal antichain in Q .
i: P — Q is a dense embedding iff i satisfies (i) and (ii) above,
and i“P is dense in Q .
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These definitions do not require i to be injective. A dense embedding is easily
seen to be complete.
P=0

asserts there is a a p.o. isomorphism: P — Q. Kunen [80: 218ff] has an equivalent
definition of “complete” and a proof of the following proposition. Toward its
statement, for X C P set

iX)={geQ|3IpeXilp)<q]}.

10.1 Proposition. Suppose that i: P — Q is complete.

(a) If H is Q-generic, then i~'(H) is P-generic and so V[i~'(H)] € V[H].
If i is dense, then i(i""(H)) = H and so V[i~'(H)] = V[H].

(b) If i is dense and G is P-generic, then i(G) is Q-generic, i~ (i(G)) = G,
and so V[i(G)] = V[G]. =

The arguments are straightforward and the latter assertions follow from i €
V. Generic extensions are often identified using this result when P is actually
isomorphic to a dense subset of Q, but the basic process of passing to a separative
quotient (see Jech [03:204{f]) uses the weaker hypotheses:

For a p.o. P,

P is separative iff Vp,qe P(p £q — 3Ir <p(r Lg)).

By and large, p.o.’s that occur in practice are separative, and the incentive behind
the concept is to insure a certain orderliness: separative p.o.’s are isomorphic to
a dense subset of their corresponding complete Boolean algebras, and are charac-
terized by a simple but useful observation:

10.2 Lemma. 4 p.o. P is separative iff Vp,g e P(p<q < plqeG). -

Forap.o. P and p,q € P,

prq iff YrePulp < rilqg,
and
[Pl=1{q1q~=p}.

~ is an equivalence relation on P, and [p] the corresponding equivalence class
of p.

The separative quotient of P is P/~ ={[p] | p € P}

ordered by
[Pl =<lq] iff VrePr=p — rlqg.

By the following simple observation separative p.o.’s suffice to get all generic
extensions:
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10.3 Lemma. The map sending p to [p] is a dense embedding of P onto P/~.
_|

Familiarity is assumed with chain, closure, and density (distributivity) con-
ditions on p.o.’s and their salutary effects on generic extensions, but because of
some variance in usage definitions are given: For a p.o. P,

P has the «-chain condition (k-c.c.) iff
for any antichain A in P, |[A| <« .
P is k-closed iff whenever y <« and {p, | @ <y} C P
with pg < p, fora < B < y, there is a
p € P such that p < p, for every o < y .
P is k-Baire iff whenever y < « and D, for each o < y

is dense open, so is ﬂa<y D, .

These are all “less than «” notions; k ™-Baire is also called «-distributive because
of the connection with distributivity laws in Boolean algebras. Familiarity is
assumed with how the k-c.c is often deduced from a combinatorial fact known as
the A-system Lemma (see Kunen [80: 491f]):

10.4 Proposition (éanin [46] for A = w). Suppose that ) < «, k is regular, and
a < k implies that a=* < k. If |A| = k and x € A implies that |x| < A, then
there is a B C A with |B| = k such that B forms a A-system, i.e.

there is an r such that for distinct x,y € B, x Ny =r.
In particular, any uncountable set consisting of finite sets has an uncountable subset

that forms a A-system. =

It is well known that chain conditions establish upper bounds on powers of
cardinals:

10.5 Proposition. Suppose that P is a p.o. with the k-c.c., and for a given A, set
0 = (|P|=)*. Then
ke 2+ <6!. -

To complete the review, what is assumed of iterated forcing, first elaborated
by Solovay, is summarized starting with product forcing: Suppose that P and Q
are p.o.’s and consider the product p.o. P x Q ordered by

(Posq0) =< (p1.q1) i po<p pP1 A qo=<0q -

Then forcing with P x Q is characterizable as an iteration (see Kunen [80: 252ff]
or Jech [03: 2291f]):

10.6 Proposition (Solovay [70]). G is P x Q-generic iff G = Gy x G|, where
Gy is P-generic, Gy is Q-generic over V[Gy], and so V[G] = V[G][G ] —
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More generally, products of many p.o.’s can be taken. Suppose that P, is a
p.o. for every & < 8. For p € [[,_s Pu, define

a<$
supt(p) = {a <8 | p(a) # lp,},

the support of p. Then the x-product of (P, | « < §) is

{p € [lo<sPa | Isupt(p)| < «}

ordered by
p=q iff Va<d(p(a)=<p, q(@)).

For example, what is meant by “adding A many Cohen reals” is forcing with the
Ro-product of A copies of the p.o. for adding a Cohen real. The Easton product
of (P, | @ < 8) is

{p €[lyesPo | YA(A regular — [supt(p) NA| < A)}

ordered coordinate-wise as before. This product was devised by Easton for the
first forcing argument using a product of many p.o.’s, indeed a proper class of
them:

10.7 Theorem (Easton [64, 70]). Suppose that GCH holds and F is a class function
from the class of regular cardinals to the class of cardinals such that for regular
k < A F(k) < F(A) and k < cf(F(x)). Then there is a generic extension
preserving cardinals and cofinalities in which 2 = F (k) for every regular k. -

The forcing was with the Easton product of (P, | « € On) with P, the usual
notion for adjoining F'(«) subsets of « if « is regular and trivial otherwise. The
following lemma played a crucial role in the product analysis.

10.8 Lemma. Suppose that P and Q are p.o.’s and )\ is such that P has the
At-c.c. and Q is MT-closed. If G is P x Q-generic over V with G = Gy x G| as
in 10.6, then any f: . — V in V[G]is in V[Gy]. In particular, P(L) N V[G] =
PO N VGol. =

Of course, how to force with a proper class of conditions had to be worked
out as well. For details on this and product forcing in general, see Jech [03: §15].

10.7 completely solved the problem of determining the possible values of
F (k) = 2° for regular «; the only restrictions are that F' be non-decreasing and
consistent with the familiar Konig result: « < cf(F(k)). The Singular Cardi-
nals Problem is to determine the possible values of 2“ for singular x, a much
more difficult problem which is far from being solved. It is remarkable that large
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cardinals are closely intertwined with this basic problem, and all the more remark-
able that their intervention turns out to be a necessary one (see volume II).

Suppose that one wants to force with a p.o. P to get V[Gy] and then with a
p.o. 0%, not necessarily in V, to get V[Go][G1]. Then one might as well assume
lFp Q is a p.o., and consider

PxQ={(p.g)lpeP A lpgeQ}

ordered by

(Po,q0) < (pi,q1) i po<p P1 A poltr o<y q1-

As it stands, P % Q may be a proper class because of the possible ¢’s, and < is
not antisymmetric, but according to previous remarks

(po, qo) and (p1, q1) are identified whenever (pg, go) < (p1,4q1) < {(po,qo) ,

ie. po=p1 A po lkp go = q1. In reasonable formalizations of names, there are
“set” many equivalence classes under this identification, and natural representatives
can be chosen from each to comprise what should be meant by P % O (Kunen
[80:269]). Henceforth,

it is assumed that P x Q is a set

under such a contraction, but (p, g) will be used for its equivalence class to avoid
awkward notation. Under a natural identification, every P-name is also considered
to be a P % Q-name. Moreover, after justifying p.o. isomorphisms like R = P x Q,
such p.o.’s are often identified for notational convenience, even though they may
not be extensionally equal. Forcing with P % Q is characterizable as forcing first
with P and then with Q (see Kunen [80: 268ff] or Jech [03: 267ff]):

10.9 Proposition (Solovay-Tennenbaum [71]). ‘
(a) Suppose that G is P-generic and G, is Q%°-generic over V[G,]. Set

Go*xGi={{p.g)eP*xQ|peGy A ¢ eGy}.

Then Go* G is P % Q-generic and V[G * G1] = V[Go][G1]
(b) Conversely, suppose that G is P x Q-generic, and set
Go={peP|3q(p.q) € G)}, and
Gi={¢% | 3Ip((p.4) € G)} .

Then Gy is P-generic, G is Q%°-generic over V[Go], and G = Gy % G . —

10.6 is essentially the special case of this result where Q is O for some
Q € V, when P x Q is isomorphic to a dense subset of P * 0.

The following structure theorem applies 10.9(b) to show that every ZFC
model intermediate between the ground model and a generic extension is itself a
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generic extension. This result about the generality of forcing has a natural proof in
terms of Boolean-valued models (see Jech [03: 247ft]) but may also be established
with partial orders.

10.10 Proposition. Suppose that R is a p.o., G is R-generic over V, and N is a
transitive €-model of ZFC such that V. € N C V[G]. Then there is a p.o. P and
a P-name Q such that |Fp Q is a p.o. with P x 0 isomorphic to R so that, thus
identifying R with P % Q, if Gy is as in 10.9(b), V[Go] = N. =

The initial observation here is that transitive €-models of ZFC are determined
by their sets of ordinals (see Jech [03: 196ff]) so that one can deduce that N = V[x]
for some x € On. Serge Grigorieff [75] investigated the situation for ZF models
N.

10.9 was first used in an argument that essentially established the consistency
of Martin’s Axiom together with —CH. This well-known axiom is briefly reviewed:

For P a p.o., D a collection of dense subsets of P, and G C P,

G is D-generic iff 1) Vp,q e GIr e Gr < pAr=<gq),
(i) Vpe GVqg e P(p <q > g€ G), and
(ii)) VD e D(GN D #£ @) .

For any «, Martin’s Axiom for k (MA(k)) is:

If P is a p.o. satisfying the w;-c.c. and D is a collection of at
most « dense sets, then there is a G € P which is D-generic.

Simply Martin’s Axiom (MA) is:
Vi < 2% (MA(k)) .

The clear motivation here is to justify internal generic objects when genericity is
restricted to small collections D € V of dense sets. It is well-known that MA (w)
is a theorem of ZFC and that MA(2%°) and MA with the w;-c.c. restriction deleted
are both inconsistent.

10.11 Theorem (Solovay-Tennenbaum [71]). Suppose that « is a cardinal sat-
isfying k= = k > w. Then there is a w)-c.c. p.o. P of cardinality k such that
Fr MA A 2% = . =

In particular, starting with a model satisfying GCH, MA can be arranged
with 2™ any prescribed uncountable regular cardinal. For details on MA see Jech
[03:§16], or Kunen [80: I1§2] where it is axiomatically presented before forcing
per se is discussed. Fremlin [84] is a portmanteau book on the consequences of
MA.
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Mild Extensions

To test the waters, some straightforward observations about forcing and large
cardinals are discussed which, while not noticed at the outset, have a direct bearing
on Godel’s earlier speculations on the Continuum Problem (§3). Forcing provided
the means to show large cardinals do not decide the power of the continuum.
Cohen himself had noted ([64:110]) that his argument for the independence of
CH preserves inaccessible and (“It seems probable””) Mahlo cardinals, and Levy
and Solovay showed that measurable cardinals are also preserved. In fact, their
argument is a generic one for showing that, by and large, large cardinals « are
preserved in any mild extension, i.e. via a forcing with a p.o. of cardinality less
than «. The following useful results pursue this theme through several cases:

10.12 Proposition. Suppose that «k is inaccessible and P is a p.o. such that
|P| < k. Then
|Fp & is inaccessible .

Proof. This follows from the |P|"-c.c.: |F « is regular, and 10.5 implies that |} «
is a strong limit. =

10.13 Proposition. Suppose that k is Mahlo and P is a p.o. such that |P| < «.
Then
|Fp k is Mahlo .

The proof relies on a generally useful observation:
10.14 Lemma. Suppose that k > w is regular, P is a p.o. with the k-c.c., p € P,

and p | C is cvlosed unbounded in k. Then there is a Cy closed unbounded in
such that p |F Cy € C.

Proof. For « < k, set
X, ={€ <« | 3g < p(q |F € is the least member of C — (« + 1))} .

By the k-c.c., | X,| < «, so set f(«a) = sup(X,) < «. Finally, let

Co={B <« |Va<p(fla) <P},

a closed unbounded set.

To show that p |F éo C C, assume to the contrary that there is a ¢ < p and
ap e Cysuchthatg |F 8 ¢ C. Then forsome r < gandoa < B, r |Fa =
sup(C N B). For some s < r and £ € Xy, s |F £ is the least member of C — (+1).
But £ < B8 as B € Cy, contradicting the choice of «. —

Proof of 10.13. Suppose that p |F C is closed unbounded in «. By 10.12, if A is
inaccessible and |P| < A, then |F A is inaccessible. Since « is Mahlo, by 10.14
there are such A < « satisfying p |F A € C. =
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10.15 Proposition (Levy [64], Solovay [65a], Levy-Solovay [67]). Suppose that
k is measurable and P is a p.o. such that |P| < «. Then

|Fp « is measurable .
Proof. Let U be a k-complete ultrafilter over «, and
FU={¥S«x|3XeUXCY),

the filter generated by U. It will in fact be shown that |F U is a x-complete
ultrafilter over . The following claim can serve a larger purpose:

(*) If plt: K—>Vthenthereareq<p,ZeU
and f: Z — V such that g | t1Z = f

To show this, for each r < p let X, = {§ € « | Ix( |F t(§) = X)}. Then
U,<[7 X, =« and |P| < «, so by k-completeness there is a ¢ < p such that X, €
U. But then, for f: X, — V defined by f(&) = that x such that ¢ ||- () =X
(unique as 7 is forced to be a function), it follows that ¢ |F r|X =f

To complete the proof, note first that |F U is non-principal, so it remains to
verify that |F U is ultra and x-complete. For this it suffices by simple arguments
(cf. 2.7) to show that if y < « and |F 7: k — y, then there is an « such that
b (a) € U: o

By the claim, there are Z € U and f: Z — y such that |} t|Z = f. But
U is k-complete, so there is an « < y such that A = f~!({a}) € U. Hence,
FANZci (o)) €eU. -

A further consequence of the claim (%) is that if U is normal, then |F U is
normal.

10.16 Exercise (Levy-Solovay [67]). 10.15 holds with “measurable” replaced by
“Ramsey” or by “weakly compact”.

Hint. For Ramsey, if p |F ©: [«]°® — 2, define g: [x]"® — P(P x 2) by
g)={q,i) lg=p A ql 7(8) = i}. Show that if H is homogeneous for g,
then p |F H is homogeneous for 7. =

Similar arguments can be devised for a variety of large cardinals. The problem
of preserving large cardinals when forcing with p.o.’s of large cardinality was to
lead to important developments both in the theory of forcing as well as large
cardinals.

The Levy Collapse

The first announcement after Cohen’s breakthrough of results using forcing was
made four months later, and notably one result involved an inaccessible cardinal.
Motivated by questions of definability Levy [63, 70] formulated a gentle collapse
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of an inaccessible cardinal that has become basic to the theory, and experience has
shown that it often suffices for relating large cardinals with combinatorial proper-
ties of w; and w, in equiconsistency results. For clarity and later convenience, a
general setting is first pursued:

For S € On and A regular,

Col(A,S) ={p | pisafunction A |p|] <A A dom(p) C S x A
A V(a, &) € dom(p)(p(a,§) =0V p(a, §) € o)}

ordered by p < ¢q iff p 2 q. Thus, Col(%, S) is a p.o. for generically adjoining
surjections: A — « for every o € S. Col(w, {w}) is essentially Cohen’s original
p.o. for adjoining a subset of w, a Cohen real; Col(A, {A}) its generalization for
adjoining a Cohen subset of XA; and Col(}, {k}) for x > A the standard p.o. for
collapsing |k| to A. The following lemma lists some elementary properties:

10.17 Lemma.

(a) Col(A, S) is A-closed.

(b) Suppose that S = X UY is a disjoint union, and set Py = Col(\, X) and
Py =Col(A, Y). Then G is Col(x, S)-genericiff G ={pUq | p € Goyng € G},
where G is Py-generic, Col(),Y) VIGd = P, and G is Py-generic over V[Gy].

(c) If « is regular, k > A, and either k is inaccessible or . = w, then
Col(A, k) has the k-c.c.

(d) If Col(A, k) has the k-c.c., then forcing with it preserves cardinals < X\
and > k.

(e) Suppose that « is regular, Col(A, k) has the k-c.c., and G is Col(A, k)-
generic. Then for any x € V[G] with x: y — On where y < k, thereisa § < k
such that x € V[G N Col(A, §)].

Proof. (a) This is obvious.

(b) This follows from 10.6, since the association of p € Col(A, S) with
(pI(X x A), pl(Y x A)) is an isomorphism between Col(A, S) and the product
p.o. Py x Py; that Col(x, Y)VI6l = P, follows from (a) since forcing with P,
adds no new ordinal sequences of length less than A.

(c) This follows by a typical application of the A-system lemma 10.4: Given
{ps | B < k} € Col(A, ), the lemma together with the hypothesis imply that
there is an X € [«]* and an » € k x A such that 8 # y both in X implies that
dom(pg) Ndom(p, ) = r. By definition of Col(A, k) and |r| < «, there is a further
Y € [X]“ such that 8 # y both in Y implies that pg |r = p, |r. But for such g
and y, pg and p, are compatible.

(d) This uses (a).

(e) Let x be such that x° = x, and for each « < y let A, € Col(X, k) be a
maximal antichain such that for each p € A, there is a & such that p |} x(a) = &.
|Aq] < K for each @« < y by the «x-c.c. so that IUM}, Ayl < Kk, and hence
by the regularity of x there is a § < « such that p € |J,_, A, implies that

a<y
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dom(p) € § x A. Finally, x is definable from G N Col(}, §) by: x(x) = & iff
p |F x(a) = & for the unique p € G N A,. -

For k > A,
Col(A, k) is a Levy collapse ,
and when it has the «-c.c.,
Col(A, k) collapses Kk to A ™

because of 10.17(d). This is part of the parlance; forcing with Col(X, k) does
not collapse « as a cardinal, but gently renders it the successor cardinal of XA
by collapsing all cardinals strictly between A and x. Levy’s original p.o. was
Col(w, k) with k inaccessible, and usually 10.17(c) is invoked with inaccessible
K.

Digressing briefly, a proof is next provided of 8.16, the equiconsistency of
Rowbottom and Jonsson cardinals. One direction is immediate, as Rowbottom
cardinals are Jonsson, so the next proposition completes the proof. It is established
by a mild extension argument with two twists: 10.17(c) is invoked for A = w, and
the large cardinal property to be preserved does not entail (strong) inaccessibility.

10.18 Proposition (Kleinberg [72,79]). If « is the least Jonsson cardinal, then
there is a p.o. P such that

|Fp « is Rowbottom .
Proof. By 8.15 there is a regular v < « such that
(%) k is v-Rowbottom and x—/>[k]>* for any o < v .

By 10.17(c), P = Col(w, v) has the v-c.c., and so renders v = w; in any generic
extension. Hence, it suffices to show that

[Fp k is v-Rowbottom .

To this end, suppose that p € P, y < k, and p | f: [k]*® — y. For each
s € [k]=® let A; € P be a maximal antichain below p such that for each r € A;
there is an o, < y such that r | f(§) = a,. |A,| < v by the v-c.c., so by (x)
there is a g: [k]<“ — A, such that for any X € [«]*, g,“X~” = A;. Now define
h: [K]=® — y by setting h(&,...,&,) = 0 unless n = 23/ for some i, j > 0, in
which case:

h(%lv ] %-n) = the (o4 SHCh that g{él,...,éi}($i+1v B $i+j) ”' f(%-l’ cee vgi) =a.

By (%) there is an H € [«]“ such that setting £ = h“[H]~“, |E| < v. To
complete the proof, it suffices to show that p || f “[I-VI 1= C E.

To do this, suppose that ¢ < p, and for some s € [H]™® and ¢ < vy,
q I f(s) = «. By definition of Ay, there is an r € A; compatible with ¢, and since



10. Development of Forcing 129

pF f is a function, « = «,. By definition of g, thereisa t € [H —(max(s)+1)]<%
such that g,(r) = r. Finally, if s = {&§,...,&} and t = {§1,...,&4;}, set
n = 2'3/ and choose & ;11 < ... < &, all from H — (max(¢) + 1). Then it is
simple to check that h(&y,...,&,) =« € E, and so the proof is complete. =

Returning to the main development, Levy’s initial result with his collapse is
discussed in the context of Solovay’s result in §11, and both use a fundamental
property of Col(A, S). For a p.o. P,

P is weakly homogeneous iff for any p,q € P there is an auto-
morphism e of P such that e(p) || g .

This property arose in the independence proofs for AC. The “weakly” acknowl-
edges that a Boolean algebra B is called homogeneous if for a, b € B with neither
a nor b equal to either the zero or the one of B, there is an automorphism e of B
such that e(a) = b. The first part of the next proposition is the raison d’étre for
weak homogeneity.

10.19 Proposition.

(@) If a p.o. P is weakly homogeneous, then for any formula ¢(vy, ..., v,)
in the forcing language and xi,...,x, € V, either |fp ¢(X1,...,X,) or else
Fp =X, ..., Xn).

(b) Col(A, S) is weakly homogeneous.

Proof. (a) Assume to the contrary that p |F ¢(X1,...,X%,) and g |F —@(X1, ..., X,)
for some p,q € P, and let e be an automorphism of P such that e(p) || ¢q.
e induces a bijection: P-names — P-names that fixes X for every x € V and
preserves the forcing relation (see Kunen [80:222]). Thus, e(p) |F (X1, ..., Xn),
but this contradicts e(p) || ¢q.

(b) Given p, g € Col(A, S) it is easy to find a bijection f: A — A such that
for («, &) € dom(p) and (B, ¢) € dom(q), f(§) # ¢. f induces an automorphism
e of Col(A, S) that to r € Col(A, S) associates e(r) specified by

(o, f(&)) € dom(e(r)) iff (o, &) € dom(r) A e(r)(a, f(§)) =r(a,§).
Since dom(e(p)) Ndom(q) = @, e(p) || q. B

Finally, Solovay established a result specific to Col(w, «) for his Lebesgue
measurability result (§11). The natural proof uses what amounts to a characteri-
zation of Col(w, {«}) of intrinsic interest:

10.20 Proposition. Suppose that P is a separative p.o. such that |P| < |«| and
Fp Af(f: @ — « is surjective A f ¢ V).

Then there is an injective, dense embedding of a dense subset of Col(w, {a}) into
P.
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Remarks. The hypothesis is dichotomous in that f: @ — « being surjective is
only material when « is uncountable, and f & V, when « is countable. For
a = w, the result densely associates any non-trivial countable p.o. with the Cohen
p.o. Col(w, {w}). Finally, by this result and 10.1, the generic extensions by such
P coincide with the generic extensions by Col(w, {«}); the separativity of P is
extraneous in this regard since the separative quotient can first be taken and 10.3
invoked.

Proof. Set v = |«|. Note first that the hypotheses imply that for any p € P there
is a maximal antichain below p of cardinality v (so that in particular |P| = v):
If v = w, this follows from |} f & V since any condition must have incompatible
extensions. If v > w, this follows from the collapse of v to w and the consequent
failure of the v-c.c.

The dense subset of Col(w, {@}) in question is

D,={p|Inewlp: {a}xn—>a)},

i.e. those members of Col(w, {}) which are not only finite but have domains of
form {«} x n for some n € w. By the maximal principle, there is a term g such
that || ¢: @ — G is surjective (where G is the canonical name for the generic
object). Proceed now by recursion on |p| for p € D, to define an injective, dense
embedding e: D, — P:

Set e(¥) = 1p. Having defined e(p) for a p € D, with dom(p) = {a} X n,
let (aé7 | £ < o) enumerate a maximal antichain below e(p) of cardinality v. By
refining if necessary it can be assumed that each a%.p |F g(n) = F for some r € P.
Set e(p U {((a, n), §)}) = af for each & < a.

Clearly, this definition provides an isomorphism e: D, — e“D,. To show
that e“D,, is dense in P, let r € P be arbitrary. Since r | ¥ € G by separativity,
there is an s < r and an n € w such that s || ¢(n) = 7. By construction there is
a p € D, with |p| = n + 1 such that e(p) || s, and since e(p) had also decided
g(n), e(p) |F g(n) = F. But then, e(p) |F ¥ € G, and so by separativity and 10.2,
e(p) <r. —

10.21 Proposition (Solovay [70]). Suppose that k > w is regular and G is
Col(w, k)-generic. Then for any x € V[G] with x: w — On, there is an H which
is Col(w, k)-generic over V|[x] such that V[G] = V[x][H].

Proof. By 10.17(e), there is a § < k such that x € V[G N Col(w, §)]. Set
Go=GNCol(w, d) ,
G; = G NCol(w, {§}) , and
G, =GNCollw,k —(§+ 1)) .

By 10.17(b), Gy is Col(w, §)-generic, and so by 10.3 and 10.10 there is a separative

p.o. P € V[x] and a P-generic Hy over V[x] such that V[x][Hy] = V[G¢]. Argue
in V[x]:
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Set Q = P xCol(w, {8}). By 10.6, V[x][Hy][G] is a generic extension over
V[x] using Q. Clearly, |Q| < |Col(w, § + 1)| = |§|, and because of the second
component of Q, |Fp If(f: w — & is surjective A f & ‘V/). Hence, by 10.20
there is an 